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Problem Sheet I: Definition and Examples of Groups

1. Consider the following two permutations from the symmetric group S7 of degree 7:

α =

(
1 2 3 4 5 6 7
1 3 2 5 6 4 7

)
, β = (2 3 4)(1 2 5)(3 6 1 7).

Write each of the following permutations as products of disjoint cycles: (i) α; (ii) β;
(iii) αβ; (iv) βα; (v) α−1; (vi) β−1; (vii) (αβ)−1; (viii) β−1α−1.

2. Show that the symmetric group Sn is non-abelian if and only if n > 3.

3. Consider F5 = {0, 1, 2, 3, 4}, the field of order 5 where arithmetic is calculated modulo 5.
You may assume that it is a field (and those who have covered MT2002 should already
know this).

Consider the general linear group GL2(F5), more often denoted by GL2(5) (or, in some
books, by GL(2, 5)), which consists of all 2× 2 matrices with entries from F5 and non-zero
determinant.

(a) For A =

(
1 2
3 4

)
and B =

(
3 0
1 2

)
, compute AB and A−1.

(b) Prove that GL2(5) is non-abelian.

(c) Determine the order of GL2(5).
[Hint: A matrix is invertible if and only if its rows (or, equivalently, columns) are
linearly independent. How do you choose a linearly independent pair of vectors
from F2

5?]

4. Let F be an arbitrary field. Show that the general linear group GLn(F ) is non-abelian if
and only if n > 2.

5. Verify that the Klein 4-group is indeed a group.
[Do not check each of the 64 cases for associativity. Instead, use careful thought to reduce
how many checks you need to perform.]
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6. Consider the following three matrices with entries from the complex numbers:

A =

(
i 0
0 −i

)
, B =

(
0 1
−1 0

)
, C =

(
0 i
i 0

)
.

(a) Let G = {I,−I, A,−A,B,−B,C,−C}, where I denotes the usual 2× 2 identity ma-
trix. Calculate a multiplication table for G and hence show that matrix multiplication
defines a binary operation on G.

(b) Deduce that the quaternion group is indeed a group.

7. Let G be a group and a be an arbitrary (but fixed) element of G. Define a mapping
τa : G→ G by xτa = a−1xa for each x ∈ G. (This mapping is called conjugation by a.)

(a) Specialise (for this part only) to the case G = S3 and a = (1 2 3). Compute στa for
each σ ∈ S3.

(b) Prove that τa is always an isomorphism (in any group).

(c) If G is an arbitrary group, find an element a ∈ G such that τa is the identity mapping
(that is, xτa = x for all x ∈ G).

(d) Prove that G is abelian if and only if all the mappings τa are equal to the identity
mapping.

8. Let G, H and K be groups.

(a) If φ : G → H is an isomorphism, show that its inverse φ−1 : H → G is also an
isomorphism.

(b) If φ : G → H and ψ : H → K are isomorphisms, show that φψ : G → K is also an
isomorphism.

(c) Show that ∼= (being isomorphic) is an equivalence relation on the class of all groups.

9. Let G be a group and define a mapping φ : G→ G by xφ = x−1 for each x ∈ G.

(a) Prove that φ2 (= φφ) is the identity mapping.

(b) Prove that φ is a bijection.

(c) Prove that φ is an isomorphism if and only if G is abelian.

(d) Suppose that G is a finite group of even order. Prove that there exists a ∈ G of
order 2.

10. Let G be any group. If x ∈ G, prove that (x−1)−1 = x.

11. Let G be a group and suppose that x2 = 1 for all x ∈ G. Show that G is abelian.

12. Let G be a group and let a, b ∈ G. Prove that if a2 = 1 and b2a = ab3, then b5 = 1.
[Hint: b4 = b2b2aa, b6 = b2b2b2.]
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13. Let G be a group.

(a) Prove that for any x, y ∈ G, the following formulae involving the order of an element
hold: o(x) = o(x−1); o(x) = o(y−1xy), and o(xy) = o(yx).

(b) If σ is a permutation in Sn decomposed as a product of disjoint cycles as σ =
σ1σ2 . . . σk, where σi is a cycle of length ri, then prove that

o(σ) = lcm(r1, r2, . . . , rk).

(c) Consider the matrices

A =

(
0 −1
1 0

)
and B =

(
0 1
−1 −1

)
from the general linear group GL2(Q). Show that o(A) = 4, o(B) = 3, but that
AB has infinite order.
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Problem Sheet II: Subgroups

1. Consider H = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. Show that H is a subgroup of S4.
Construct the multiplication table of H. Is H isomorphic to a group already defined in
the course?

2. Let n > 1. Show that H = {σ ∈ Sn | nσ = n } is a subgroup of Sn isomorphic to Sn−1.

[Hint: Define a suitable isomorphism Sn−1 → H. Also note in the above formula, nσ de-
notes the image of n under the permutation σ.]

3. Let G be an abelian group and H be a subgroup of G. Show that H is also abelian.

4. Let G be a group and H be a subset of G. Show that H is a subgroup of G if and only if
H is a non-empty subset of G such that xy−1 ∈ H whenever x, y ∈ H.

5. Let G be a group and suppose that H and K are subgroups of G. Prove that the union H∪
K is a subgroup of G if and only if either H ⊆ K or K ⊆ H.

6. Let a and b be elements of a group that commute (that is, such that ab = ba). Show that

o(ab) 6 lcm(o(a), o(b)).

Deduce that the set of all elements of finite order in an abelian group is a subgroup. [This
is called the torsion subgroup.]

Is the same true for the set of elements of finite order in an arbitrary group?

7. Let n be a positive integer. Let

Cn = {1, e2πi/n, e4πi/n, . . . , e2(n−1)πi/n},

the set of all complex numbers z satisfying zn = 1.

(a) Show that Cn forms a group under multiplication.

(b) Is Cn abelian?

(c) Let g = e2πi/n. Show that Cn = 〈g〉.

8. Let σ = (1 4)(2 6) and τ = (2 5)(3 6). Find all elements in the subgroup of S6 generated
by σ and τ .
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9. Let n be a positive integer with n > 3. Let ∆ denote the regular polygon with n sides. A
symmetry of ∆ is an invertible transformation that maps vertices to vertices and edges to
edges.

(a) How many symmetries of ∆ are there? How many of these are rotations and how
many are reflections?

(b) Is it true that the composition of two symmetries is again a symmetry of ∆?

(c) Show that the set G of all symmetries of ∆ forms a group under composition.

Label the vertices of ∆ clockwise 1, 2, . . . , n and set X = {1, 2, . . . , n}. For each g ∈ G,
define a map φg : X → X by:

kφg is the label ` such that g maps the vertex labelled k to the vertex labelled `.

(d) Show that φg is a permutation of X for every g ∈ G.

(e) Let a denote the rotation of ∆ clockwise through an angle of 2π/n and let b denote
the reflection of ∆ in the axis that passes through the vertex 1. Calculate φa and φb.

(f) Show that g 7→ φg is an isomorphism G→ D2n from the symmetry group of ∆ to the
dihedral group of order 2n.

10. (a) Find the order of the symmetric group of degree n.

(b) Show that the alternating group An has index 2 in Sn and hence determine its order.

11. Consider the symmetric group S4 of degree 4. For each divisor m of its order, find a
subgroup of S4 of order m.

12. For each of the following subgroups H of S4, determine its index in S4. Also find a system
of representatives for the right cosets in S4; that is, find a subset T = {t1, t2, . . . , tk} of S4
such that the distinct right cosets of H in S4 are Ht1, Ht2, . . . , Htk:

(a) H = {1, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)};
(b) H = S3;

(c) H = D8.

13. (a) List the elements of the dihedral group of order 8 and determine the order of each
element.

Is this dihedral group isomorphic to C8? Is it isomorphic to the quaternion group Q8?

(b) Is the dihedral group of order 12 isomorphic to A4?

(c) Is the dihedral group of order 24 isomorphic to S4?

14. Let G be a group and H be a subgroup of G. Show that two left cosets xH and yH (where
x, y ∈ G) are equal if and only if x−1y ∈ H.

15. Let G be a group and H and K be subgroups of G. Let CH , CK and CH∩K denote the set of
right cosets in G of H, K and H ∩K, respectively. Define a mapping α : CH∩K → CH×CK
by (

(H ∩K)x
)
α = (Hx,Kx).

Prove that α is well-defined and one-one.

Deduce that
|G : H ∩K| 6 |G : H| · |G : K|.

Deduce that the intersection of two subgroups of G of finite index is also a subgroup of
finite index.
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Problem Sheet III: Normal Subgroups, Quotient Groups &
Homomorphisms

1. Let G be a group and N be a subgroup of G. Show that the following conditions on N
are equivalent:

(a) N is a normal subgroup of G.

(b) g−1Ng = N for all g ∈ G.

(c) Ng = gN for all g ∈ G.

(d) Every right coset of N in G is also a left coset of N .

2. Let G be a group and N be a subgroup of index 2. Show that N is a normal subgroup
of G.

3. Let G be a group and suppose M and N are normal subgroups of G. Show that M ∩N is
a normal subgroup of G and that the set of products

MN = {xy | x ∈M,y ∈ N }

is a normal subgroup of G.

4. Let σ be any permutation in Sn and let

τ = (i1 i2 . . . ir)

be an r-cycle. Show that σ−1τσ is the r-cycle

(i1σ i2σ . . . irσ).

If an arbitrary permutation τ is written as a product of disjoint cycles, what does this tell
you about the conjugate σ−1τσ?

5. Let G be a group, N be a normal subgroup of G and x be an element of G of finite
order. Show that the element Nx of the quotient group G/N has finite order and that
o(Nx) divides o(x).

6. Let N be the subgroup of S4 generated by (1 2)(3 4) and (1 3)(2 4).

(a) Find the elements of N and prove that N is normal in S4.

(b) List the elements of the quotient S4/N . Is S4/N cyclic? Is it abelian?
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7. Let G = S3 and H = 〈(1 2)〉.

(a) Show that H is not a normal subgroup of S3.

(b) Show that H(1 3) = H(1 2 3) and H(2 3) = H(1 3 2).

(c) Is H(1 3)(1 3 2) = H(1 2 3)(2 3)?

(d) What do (b) and (c) illustrate?

8. Consider the quaternion group Q8.

(a) Find all orders of elements in Q8.

(b) Find all subgroups of Q8.

(c) Show that every subgroup of Q8 is normal.

(d) Describe, up to isomorphism, all homomorphic images of Q8.

9. Show that the alternating group A4 does not possess a subgroup of order 6.

What does this tell you about Lagrange’s Theorem?

10. (a) Give an example of a group G possessing two subgroups H and K with K 6 H 6 G,
K P H and H P G, but K 6P G.

(b) Give an example of a group G with two subgroups H and K such that the set of
products

HK = {hk | h ∈ H, k ∈ K }

is not a subgroup of G.

[Hint: Both these happen fairly often and you know some fairly small examples of
groups where it does happen!]

11. Let G be a group and suppose that G has a chain of subgroups

G = G0 > G1 > · · · > Gn = 1

with the property that eachGi+1 is a normal subgroup ofGi and the quotient groupGi/Gi+1

is abelian for all i.

If H is any subgroup of G, show that H also has such a chain of subgroups with abelian
quotients.

[Hint: Consider the groups H ∩Gi and use the Second Isomorphism Theorem.]
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Problem Sheet IV: Cyclic Groups

1. For each of the following orders n, describe the subgroup structure of the finite cyclic
group of order n:

(i) 12; (ii) 30; (iii) p2q2

where p and q are distinct primes.

2. (a) Let G be a cyclic group and H be a subgroup of G. Show that G/H is also cyclic.

(b) Now suppose G is a cyclic group of order n and that H is of order d. What is G/H?

3. Let G = C12, a cyclic group of order 12.

(a) For each divisor d of 12, list how many elements there are in G of order d.

(b) How many elements x are there such that G = 〈x〉?
(c) How many sets A are there with |A| = 2 and G = 〈A〉?

[Hint: Draw the subgroup diagram for G and consider in which subgroups elements of
particular order must belong.]

4. Let G = Cpn , a cyclic group of order pn.

(a) For each i = 0, 1, . . . , n, list how many elements there are in G of order pi.

(b) How many elements x are there such that G = 〈x〉?
(c) How many sets A are there with |A| = 2 and G = 〈A〉?

5. Let G = 〈x〉 be an infinite cyclic group.

(a) Let H be a non-trivial subgroup of G. Show that H contains an element of the
form xk for some k > 0.

(b) Show that H = 〈xm〉 where m is the least positive integer such that xm ∈ H.

(c) Show that every coset of H has the form Hxi where i ∈ {0, 1, . . . ,m− 1}. Show that
|G : H| = m.

(d) Deduce that, if m is a positive integer, H = 〈xm〉 is the unique subgroup of G of
index m.

(e) Show that G/H ∼= Zm.

[Hint: For (ii), mimic the second half of the corresponding proof for finite cyclic groups.
Use division, with quotient and remainder, in Z.]

6. Let G be any group and N be a normal subgroup that is cyclic. Show that every subgroup
of N is also normal in G.

Is it true that if G is any group and N is an abelian normal subgroup of G, then every
subgroup of N is also normal? If not, provide a counterexample.
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Problem Sheet V: Constructing Groups

1. A permutation group G 6 SX is called transitive if for all x, y ∈ X there exists some
σ ∈ G such that xσ = y.

(a) Prove that every group is isomorphic to a transitive subgroup of some symmetric
group.

(b) What is the smallest positive integer n such that a cyclic group C6 of order 6 is
isomorphic to a transitive subgroup of Sn?

(c) What is the smallest positive integer n such that a cyclic group C6 of order 6 is
isomorphic to a subgroup of Sn?

2. Let n be a positive integer. If σ is an arbitrary permutation in Sn, define σ̄ ∈ Sn+2 by

σ̄ =

{
σ if σ is even

σ(n+1 n+2) if σ is odd.

Show that the map φ : Sn → Sn+2 by σφ = σ̄ is an injective homomorphism with imφ 6
An+2.

Deduce that every finite group is isomorphic to a subgroup of an alternating group.

3. Let F be a field and let V = Fn be the vector space of row vectors with entries from F .
Let E = {e1, e2, . . . , en} be the standard basis for V .

(a) If σ is a permutation in Sn, define a linear map Tσ : V → V by

eiTσ = eiσ for i = 1, 2, . . . , n.

Show that TσTτ = Tστ for all σ, τ ∈ Sn.

(b) As we are writing maps on the right, the matrix T of a linear transformation with
respect to E is obtained by expressing eiT in terms of the basis and writing the
coefficients along the rows of the matrix.

Let Aσ denote the matrix of Tσ with respect to E . Describe the entries of Aσ. (That
is, specify which entries equal 1 and which equal 0.)

(c) Show that the map φ : Sn → GLn(F ) by σ 7→ Aσ is an injective homomorphism.

(d) Deduce that every finite group is isomorphic to a subgroup of GLn(F ) for some
positive integer n.
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4. Let G and H be any groups.

(a) Show that G×H ∼= H ×G.

(b) Show that G ∼= G× 1.

(c) Show that G×H is abelian if and only if both G and H are abelian.

(d) Show that if g ∈ G and h ∈ H, then

o
(
(g, h)

)
= lcm(o(g), o(h)).

[The left-hand side denotes the order of the element (g, h) in the direct productG×H.]

5. Construct three non-abelian groups of order 24 that are pairwise non-isomorphic. Prove
that they are indeed not isomorphic to each other.

6. (a) Show that Q8 is directly indecomposable (that is, it cannot be written as Q8
∼= M×N

for two non-trivial groups M and N).

(b) Show that a cyclic group Cpn of prime-power order is directly indecomposable. [Hint:
How many subgroups of order p does it possess?]

7. Consider the direct product G = S3×S3 of two copies of the symmetric group of degree 3.

(a) Let N = A3 × A3. Find all normal subgroups of G that are contained in N . [Hint:
First describe all the subgroups of N . What is the conjugate of an element (x, y) by
an element (1, g)?]

(b) How many normal subgroups of G are there containing N?

(c) Find all the normal subgroups of G and hence all quotient groups of G.

8. Let G1, G2, . . . , Gk be groups and let D = G1 ×G2 × · · · ×Gk be their direct product.

(a) Show that D is indeed a group.

(b) Find a homomorphism from Gi with image Ḡi = { (1, . . . , 1, g, 1, . . . , 1) | g ∈ Gi }.
Show that Ḡi is a normal subgroup of D isomorphic to Gi.

(c) Describe the quotient group D/Ḡi. Justify your answer.

(d) Show that D = Ḡ1Ḡ2 . . . Ḡk.

(e) Show that Ḡi ∩ (Ḡ1 . . . Ḡi−1Ḡi+1 . . . Ḡk) = 1 for all i.

9. Let G be a group possessing normal subgroups N1, N2, . . . , Nk such that G = N1N2 . . . Nk

and Ni ∩ (N1 . . . Ni−1Ni+1 . . . Nk) = 1 for all i. Show that

G ∼= N1 ×N2 × · · · ×Nk.
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Problem Sheet VI: Finite Abelian Groups

1. List all the abelian groups of order 64 up to isomorphism.

List all the abelian groups of order 2025 up to isomorphism.

2. List all the abelian groups of order 1000 up to isomorphism.

For the group G = C8×C5×C25, find the orders of elements and the number of elements
of each order.

Do there exist two non-isomorphic abelian groups of order 1000 with the same number of
elements of order 10?

3. Prove that a finite abelian group that is not cyclic contains a subgroup isomorphic to Cp×
Cp for some prime p.

Prove that no cyclic group contains such a subgroup.

4. Prove that, for every finite abelian group G and every divisor m of |G|, there is a subgroup
of G of order m.

[Hint: First consider the case when G is cyclic of prime-power order.]

5. Let p be a prime and suppose that G is an abelian group of order a power of p. Write

G ∼= Cpk1 × Cpk2 × · · · × Cpkt

as a direct product of cyclic groups of prime-power order.

Show that M = {x ∈ G | xp = 1 } is a subgroup of G and that

M ∼= Cp × Cp × · · · × Cp︸ ︷︷ ︸
t times

.

Deduce that if H is a subgroup of G, then H is a direct product of at most t cyclic groups
of prime-power order.

6. Consider the group G = C3×C9×C81. Describe the subgroups of G up to isomorphism.

7. Consider the group G = C3 ×C3. Determine the number of ordered pairs (x, y) such that
{x, y} is a generating set for G.

8. Consider the group G = C3 × C3 × C27.

(a) Determine how many elements there are in G of order 3.

(b) Determine how many elements there are in G of order 9.

(c) Determine how many subgroups there are in G of order 3.

(d) Determine how many subgroups there are in G of order 9. [Hint: Use Question 7.]
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Problem Sheet VII: Simple Groups

1. Show that any simple abelian group is cyclic of prime order.

2. Let n > 5. Show that the normal subgroups of the symmetric group of degree n are
precisely 1, An and Sn.

[Hint: If N P Sn, consider N ∩An.]

3. (a) Let K be the subgroup of A5 generated by its 5-cycles. Show that K is a normal
subgroup of A5 and hence deduce that K = A5.

(b) Suppose that H is a subgroup of S5 such that |S5 : H| < 5. Let σ be any 5-cycle. By
considering cosets of H containing powers of σ, show that σ must lie in H.

Hence prove that H = A5 or S5.

(c) Show that A5 has no proper subgroup of index less than 5.

[Hint for (b): If a coset of H contains two distinct elements from {1, σ, σ2, σ3, σ4}, show
that H contains σ.]
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Problem Sheet VIII: The Centre, Commutators and Conjugation

1. Let G be a group and H be a subgroup of G such that H 6 Z(G). Show that H is a
normal subgroup of G.

2. (a) Show that centre of Sn is trivial for n > 3.

(b) Show that the centre of the dihedral group D2n is trivial if n is odd and is cyclic of
order 2 if n is even.

(c) Show that the centre of An is trivial for n > 4.

(d) What is Z(A3)?

3. Let p be a prime number. Show that

Z(GL2(p)) = {αI | α ∈ Fp, α 6= 0 },

where I denotes the identity matrix.

4. Prove that if H is a subgroup of a group G such that G′ 6 H, then H is a normal subgroup
of G.

5. Let G and H be groups. Prove that (G×H)′ = G′ ×H ′.
[Hint: Prove that every generator of each of these groups belongs to the other.]

6. Find A′n and S′n for each n > 1.

[Hint: You should consider different possibilities for n. For example, n > 5 corresponds to
different behaviour to n = 4, etc.]

7. List the conjugacy classes of the symmetric group S5, giving one element from each con-
jugacy class and the size of each conjugacy class.

What is the order of the centraliser CS5((1 2 3 4 5))?

How many conjugates does (1 2 3 4 5) have in A5?

Is (1 2 3 4 5) conjugate to (1 2 3 5 4) in A5?

8. Find the sizes of the conjugacy classes in S4.

Hence determine all normal subgroups of S4.

9. Let n be odd and let α and β denote the usual generators of the dihedral group D2n of
order 2n.

Find the centralisers of the elements β and αi (where 0 6 i < n/2).

Hence determine the conjugacy classes of D2n when n is odd.

What are the conjugacy classes of D2n when n is even?
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10. LetG be a non-abelian simple group. Show that every conjugacy class ofG, apart from {1},
contains at least two elements.

11. A finite p-group is a finite group whose order is a power of the prime number p.

Use the Class Equation to show that if G is a non-trivial p-group, then the centre Z(G)
of G is non-trivial.

[Hint: If an element xi lies in a conjugacy class of size > 1, then the centraliser CG(xi) is
a proper subgroup of G. What can you say about its index?]

12. Let p be a prime number. Show that a finite p-group is simple if and only if it is cyclic of
order p.

13. Let G be any group.

(a) The set of all automorphisms of G is denoted by AutG. Show that AutG is a
subgroup of the symmetric group SG.

(b) The set of all inner automorphisms of G is denoted by InnG. Define a map ρ : G→
InnG by

g 7→ τg

(where τg : x 7→ g−1xg). Show that ρ is a homomorphism.

Deduce that InnG is a subgroup of AutG and that InnG ∼= G/Z(G).

(c) If φ ∈ AutG and g ∈ G, show that

φ−1τgφ = τgφ.

Show that InnG is a normal subgroup of AutG.

14. Let σ = (1 2) and τ = (1 3 5 7)(2 4 6 8) be elements of S8 and let G = 〈σ, τ〉.
Let H = 〈(1 2)(3 4)(5 6)(7 8)〉. Show that H is a normal subgroup of G. [Hint: Show
σ, τ lie in its normaliser.]

Find a proper normal subgroup of G that strictly contains H.

15. Let G be a group and H and K be subgroups of G. If H and K are conjugate in G, show
that their normalisers are also conjugate in G.
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Problem Sheet IX: Sylow’s Theorem

1. Show that there is no simple group of order equal to each of the following numbers:

(i) 42; (ii) 45; (iii) 54; (iv) 66.

2. Show that there is no simple group of order equal to each of the following numbers:

(i) 30; (ii) 80; (iii) 992

[Part (i) is probably the hardest!]

3. Let G = GL2(5), the general linear group of degree 2 over the field F5 of 5 elements.

Find the orders of the matrices A =

(
1 1
0 1

)
and B =

(
0 1
4 4

)
.

Find a Sylow 5-subgroup and a Sylow 3-subgroup of G. [Hint: The order of GL2(5) was
calculated on Problem Sheet I.]

Are either of these Sylow subgroups unique?

4. (a) Let P be a non-trivial p-group. Show that Z(P ) contains an element of order p. [Hint:
See Question 11 on Problem Sheet VIII.]

(b) If P is a p-group with |P | = pn, show that P has a subgroup of order pi for each i
with 0 6 i 6 n. [Hint: Use induction and part (a).]

(c) Deduce that if G is a finite group with |G| = pnm where p does not divide m, then
G has a subgroup of order pi for 0 6 i 6 n.

5. Let G be a finite group, p be a prime number dividing the order of G and let P be a Sylow
p-subgroup of G. Show that ⋂

g∈G
g−1Pg

is the largest normal p-subgroup of G.

1


