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Introduction

The purpose of this course is to introduce the detailed study of groups. These algebraic
structures occur throughout mathematics and the physical sciences since they are the
natural way to encode symmetry. They have been introduced in some previous courses
(MT2505 primarily, but also MT1003), but here we shall pursue a much more in-depth
study. In this course we shall encounter how to analyse the structure of a group — and
what the term “structure” signifies — and consider how to classify groups.

Prerequisite

e MT2505

As Honours students, a higher level of mathematical maturity will be expected com-
pared to the study of abstract algebra at 2000-level. Some of the content of MT2505
will be assumed (particularly an ability to manipulate permutations effectively), but some
material will be discussed again in order to take the study deeper.

Overview of course structure

Groups: Definitions and examples.

Subgroups: Finding groups inside larger groups. How to describe new groups via gen-
erating sets. Theoretical restrictions on subgroups. This provides the first example
of basic structure within groups.

Homomorphisms & quotient groups: Further examples of basic structure within
groups. Quotients enable us to “factorise” a group into smaller groups. The Corre-
spondence Theorem explains how the structure of a quotient group is related to that
of the original group, and in particular why is it more simplified. The Isomorphism
Theorems describe how the three aspects of structure (subgroups, homomorphisms,
and quotients) relate to each other.

Constructing groups: How to build new groups from old. We shall use one of these
constructions to describe a classification of all finite abelian groups.

Simple groups: These are the smallest building blocks from which to construct groups.
We shall establish that the alternating group A, is simple whenever n > 5.

The centre, conjugation, and commutators: Three useful tools which enable us to
examine the structure of a group in more detail. We define two new classes of groups:
soluble groups and nilpotent groups. These are more general than abelian groups
but still more tractable to in-depth study than arbitrary groups. (My lecture notes



for MT5824 Topics in Groups cover these concepts in more detail. Other lecturers
may cover other material instead in that module.)

Sylow’s Theorem: The most important theorem in finite group theory. We shall illus-
trate this with numerous applications.

Final applications: Classification of groups of small order, namely order p, p, pg (p, q
distinct primes) and order < 15.

Textbooks

Almost any textbook on group theory or abstract algebra is likely to cover the material
in this course and provide a good supplement to the lecture course. The following are
particularly recommended and are available for consultation in the library:

e R.B.J.T. Allenby, Rings, Fields and Groups: An Introduction to Abstract Algebra,
Chapters 5 and 6. Second Edition: Butterworth-Heinemann, 1991; QA162.A6F91.
First Edition: Edward Arnold, 1983; QA162.A6: Nicely written, reasonably modern,
and fits this course well.

e W. Ledermann, Introduction to Group Theory, Oliver and Boyd, 1973; QA171.L43:
Reasonably good fit to the course.

e John S. Rose, A Course on Group Theory, Dover, 1994, up to Chapter 6; QA171.R7:
Reasonably detailed at the level we want; quite cheap.

e T.S. Blyth & E.F. Robertson, Algebra Through Practice: A Collection of Problems
in Algebra with Solutions, Book 5: Groups, CUP, 1985; QA157.B6R7;5

e Thomas W. Hungerford, Algebra, Holt, Rinehart and Winston, 1974, Chapters 1
and 2; QA155.H8

e [. N. Herstein, Topics in Algebra, Second FEdition, Wiley, 1975, Chapter 2;
QA159.H4F76: A classic text on general algebra, though less easy for modern readers,
also a little idiosyncratic in some definitions and notations.

e Derek J.S. Robinson, A Course in the Theory of Groups, Second Edition, Springer,
1996; QA171.R73: An advanced text, so goes quite rapidly through the material we
cover in its early chapters.

e Joseph J. Rotman, An Introduction to the Theory of Groups, Fourth Edition, Springer,
1995; QA171.R7: Similarly advanced, though perhaps slightly less speedy in its cov-
erage of our material.

Standard notation

The following are standard pieces of mathematical notation that will be used throughout
the notes.

x € A: x is an element of the set A.

A={x|...}: Aisthe set of those elements x that satisfy the condition present in the
second part of the bracket (replacing “...”). Also written A = {z: ...} in some
textbooks. The definitions that follow give examples of the use of this notation.



A N B: The intersection of A and B, defined by

ANB={z|r € Aand x € B}.

A U B: The union of A and B, defined by

AUB={xz|x€Aorz e B}.

A\ B: The complement of B in A, defined by
A\B={z|zcAandz ¢ B}.
This set therefore consists of all those elements of A which do not belong to B.
A X B: The set of all ordered pairs (a,b) where a € A and b € B; that is,

AxB={(a,b)|acAbe B}.

¢: A — B: ¢is a function (or mapping) with domain A and codomain B. This means
that we can apply ¢ to elements in A to produce as output elements of B. In this
course, we write maps on the right, so that if a is an element of A, then the output
when ¢ is applied to a is denoted by a¢ (rather than ¢(a) as would be common in
other branches of mathematics, such as analysis, etc.).



Chapter 1

Definition and Examples of
Groups

The axioms of a group

Abstract algebra is the study of sets with operations defined upon them. These opera-
tions in some sense mimic addition or multiplication of numbers. The following definition
provides the operations we work with.

Definition 1.1 Let G be any (non-empty) set. A binary operation on G is a function
GxG—G.

We usually denote the image of a pair (z,y) under a binary operation by a notation
such as x xy, xzoy, = +vy, xy, etc. This has the advantage of encouraging us to view
binary operations as generalisations of our familiar arithmetic operations. For most of this
course, we shall use multiplicative notation for our binary operations and so we write xy
for the image of (z,y) under the operation; that is, zy denotes the effect of combining two
elements xz and y using the operation.

Definition 1.2 A group is a set G together with a binary operation such that
(i) the binary operation is associative, that is,

x(yz) = (zy)z for all x,y, z € G;

(ii) there is an identity element 1 in G having the property

rl=1z==x for all x € G;

(iii) every element z in G possesses an inverse x~! also belonging to G' having the prop-
erty

Remarks:

(i) Some authors specify “closure” as an axiom for a group; that is, for all z,y € G, the
product zy belongs to G. Note, however, that this is built into the definition of a
binary operation as a function G x G — G that takes values back in G.



Nevertheless, when verifying that a particular example is a group, we should not
ignore that establishing we have a binary operation is part of the steps. So, to
be explicit, when checking the axioms of a group, we need to check for (1) closure
(that we do indeed have a binary operation defined on our set), (2) associativity,
(3) existence of identity, and (4) existence of inverses.

(ii) As we are using multiplication notation, we often refer to the binary operation as
the group multiplication. There are, however, some groups where it is more natural
to use addition as the binary operation (see, for example, Example 1.5 below) and
we adjust our terminology appropriately.

(iii) Some authors use e to denote the identity element in a group. These lectures follow
the more common (and perhaps slightly more sophisticated) approach of using 1.
We shall rely on the experience of the student to be able to distinguish from the
context between the identity element of a group and the integer 1.

It follows by repeated use of the associativity axiom that any bracketing of a product
T1Z2 ... Ty of elements x1, 22, ..., T, in a group G can be converted to any other bracketing
without changing the value of the product. In view of this, we can safely omit the brackets
in any such product and still know that we have specified a unique element in our group
by the product.

For example,

(xl(azgxg))m4 = ((azlxz)azg)x4 = (z122)(T3214).

What should be noticed is that the order of the elements in a product does matter.
The axioms of a group do not tell us any clear link between the products

Tr1T2T3, X1T3T2, T2X1T3, etc.

and there are examples of groups where such products are all different. We give a special
name for groups where we can reorder the elements without changing the value of a
product.

Definition 1.3 An abelian group is a group G where the binary operation is commutative,
that is,
Ty = yx for all z,y € G.

We shall often make statements such as “G is a group” to mean that G is a set with a
binary operation defined upon it satisfying the axioms of Definition 1.2. This illustrates
how we often do not distinguish between a group and the underlying set upon which
the binary operation is defined. We take this into account when making the following
definition.

Definition 1.4 Let G be a group. The order of G, denoted by |G|, is the number of
elements in the underlying set on which our group is defined.

A finite group is a group whose order is a finite number, while an infinite group is a
group G for which |G| = occ.

Examples of groups

We now illustrate how groups arise in multiple settings across mathematics by providing
a range of examples.



Example 1.5 (Groups of numbers) Consider the set Z of all integers. This forms a
group under addition +, as we shall now show. The sum of two integers is an integer, so
addition is a binary operation on Z. Our familiarity with addition of numbers tells us

z+(y+z)=(@+y)+2z foralzy,zeZ.
The identity element is 0, since
xr4+0=0+z=2 for all x € Z.
The inverse of x is —x, since
z+(—z)=(—z)+z=0  forallzeZ
Moreover, Z is an abelian group under addition, since
r+y=y+z for all x,y € Z.

In the same way, the rational numbers QQ forms an abelian group under addition, the
real numbers R forms an abelian group under addition, and the complex numbers C forms
an abelian group under addition.

However, none of Z, Q, R and C form groups under multiplication. [Exercise: Show
that 0 has no inverse in any of these sets with respect to multiplication. Indeed, in Z
only +1 have multiplicative inverses.]

Removing 0 from some of these sets does yield a multiplicative group. The set of
non-zero rationals Q \ {0} is a group with respect to multiplication. For we know that
the product of two non-zero rational numbers is a rational number, so multiplication is a
binary operation on Q \ {0}. Multiplication is associative:

z(yz) = (zy)z for all z,y,z € Q\ {0}.
The identity element is 1:
xl=1lz =z for all z € Q\ {0}.
The inverse of x = m/n is 1/ = n/m for x # 0:
x- % = % cx=1.

Moreover, Q \ {0} forms an abelian group under multiplication since zy = yz for all
r,y €Q, x,y#0.

In the same way, the non-zero real numbers R \ {0} and the non-zero complex num-
bers C\ {0} form abelian groups under multiplication.

Example 1.6 (Symmetric groups) A common way to produce groups is as sets of
bijective functions (often those satisfying nice properties) under composition. In algebra,
it is most common to write functions on the right so that when composing them we can
read from left to right. Thus if X is a set, the composite of two functions a: X — X and
B: X — X is the function af: X — X given by

z(af) = (za)pB for each x € X.

Lemma 1.7 Composition of functions is associative.



ProoF: Let a,8,7: X — X be functions defined on X. We calculate the effect of
a(fBv) and (af)y on an element of X:

z(a(B7)) = (za)(By) = ((za)B)y

and

z((aB)) = (z(aB))y = ((za)B)7-
Hence a(f8v) = (apf)7y. O

A permutation of the set X is a function o: X — X that is bijective; that is, it is
injective: if x,y € X and 2o = yo, then x = y; and
surjective: if y € X, then there is some z € X such that xo = y.

This guarantees we can find an inverse 0! of ¢ that has the effect of “undoing” the
application of . Thus
oo t=c=0"to (1.1)

where € = ex is the identity map on X (e: x +— z for all x € X).

The set of all permutation on X forms a group under the composition of permuta-
tions. This is called the symmetric group and is denoted Sx or Sym(X). Associativity of
composition is provided by Lemma 1.7; the identity element is the identity map ¢ = ex:

Eoc=0c=0 for all o € Sx;

and the inverse of a permutation o as a function is the inverse in the group (see Equa-
tion (1.1) above).

Although we have been careful to use € to denote our identity element in Sx to em-
phasise that it is a mapping, we will frequently follow the usual convention of writing 1
for the identity element in our group. (Sometimes even when 1 happens also to denote an
element of X. Though in this case, context will always make the difference clear!)

We are particularly interested in the symmetric group Sx in the case when X =
{1,2,...,n}. We then write S, for the symmetric group of degree n consisting of all
permutations of X = {1,2,...,n}. A permutation of this X can be written in two-row
notation where the elements of X are listed in the top row and below ¢ we write the
image io. For example,

(1 2 3 4 q (1 2 3 4

=31 24 me 7741 203
are two permutations from S4. Their product o7 is calculated by first applying o to an
element of X = {1,2,3,4} and then applying 7. (Remember that we are writing maps on

the right!) Thus
(1 2 3 4
T=\2 4 1 3)"

The inverse of o is calculated by undoing the effect of applying o; i.e., interchanging the
rows of ¢ and reordering the columns to get the result in the correct form:

(312 4\ (1234
7 T\1 23 4) \2 31 4/



Let us also calculate
(1 2 3 4
=4 31 2)
so o7 # 7o and we conclude that Sy is a non-abelian group. Similar examples show that
Sy is non-abelian for n > 3, while it is easy to check that S; and S, are abelian.

An alternative — and more compact — way of denoting a permutation is to write it
as a product of disjoint cycles. The cycle

(i ip ... i)

is the permutation that maps i1 to 4o, 49 to i3, ..., 4_1 to %, i, to i1, and fixes all
other points of X (that is, all those not listed in the cycle). The above cycle is said to be
of length r (or is called an r-cycle) and two cycles are called disjoint if no point of X is
moved by both of them (essentially when there is no point in common listed in the two

cycles).
If
(1 2 3 4 5 6
=416 25 3)
then
oc=(142)(36)(5)
= 2)(36

expresses o as a product of disjoint cycles. (Note that a 1-cycle is the identity element.)
We record as a reminder:

Theorem 1.8 Every permutation of X = {1,2,...,n} can be written (in an essentially
unique way) as a product of disjoint cycles.

Here “essentially unique” refers to the obvious rearrangements that do not change a
product of disjoint cycles. Firstly, a cycle can be begun at any point within it, so cycling
around the entries in a cycle do not change the product. Secondly, disjoint cycles commute,
so we can reorder them in a product without changing the result.

A 2-cycle is also called a transposition. Since

(i1 ig ... 4p) = (i1 42) (i1 i3) ... (i1 ir),

we conclude that every cycle can be written as a product of transpositions. We then
deduce:

Proposition 1.9 Every permutation in S, is a product of transpositions.

There is no claim here that such a decomposition is in any way unique.

This completes our first stage in the reminder on permutations. More facts about them
will arrive in due course. We continue this section by introducing some further examples
of groups.

Example 1.10 (General linear groups) Let F' be a field and consider the set of n x
n matrices with entries from F. Matrix multiplication is associative:

A(BC) = (AB)C for all n x n matrices A, B and C.

10



The identity matrix I (with 1 in every diagonal entry and 0 elsewhere) has the property
that
IA=AI=A for all n x n matrices A.

If det A # 0, then A has an inverse A~! such that
AAT =AT1A=1T

The general linear group GL,,(F') (or GL(n, F') in some books) consists of all n xn matrices
with entries from F having non-zero determinant. The above observations ensure this
forms a group under matrix multiplication. This is a non-abelian group provided n > 2.

Cayley tables

One way to present a group is to specify completely its multiplication via a Cayley table
(or multiplication table). In this, the group elements are listed along the side and along the
top of the table and the product xy is written in the entry with row label  and column
label y.

Example 1.11 (Klein 4-group) The Klein 4-group, denoted by Vj (for viergruppe) in
some books and K4 in others, is the group with elements {1, a, b, ¢} and multiplication as
follows:

‘ 1 a b c
111 a b c
ala 1 ¢ b
blb ¢ 1 a
cle b a 1

From this table, we can see that 1 is the identity element and that
PP=d=p=2=1,

so every element equals its own inverse:

Verifying associativity is not so easy. In this case, it is reasonably straightforward to check

z(yz) = (zy)z

for each of the 43 = 64 choices of z, y and z, by reducing the number of choices (e.g., if
one of z, y or z is the identity then the equation becomes easier to verify).

Advantages of Cayley tables

e FEasy to understand.
e Identity and inverses relatively easy to spot.

e Whether or not the group is abelian is relatively easy to spot (look for symmetry
across the diagonal).

11



Disadvantages of Cayley tables

e Only really available for finite groups and only those which are small enough to fit
on the piece of paper.

e Associativity hard to recognise.
e Very difficult to extract useful information about the group.

One of the things we shall discover in this course is how to determine useful information
about a group to replace the cumbersome Cayley table.

Example 1.12 (Quaternion group) The quaternion group Qg has elements
17 _1a 7:) _i7ja _j7 kv _ka

where the first four elements are the usual complex numbers, while j and k£ behave similarly
to the imaginary square root ¢ of —1. The multiplication is given by

P=2=k=-1, ij=—ji=k, jk=—kj=1i, ki=—ik=]j.
The Cayley table is:

1 -1 & —i j —j k —k

=i i ok -k 1 -1 —i i
k| k -k § —j —i i -1 1
k| -k k —j j i —i 1 -1

What we try to do in group theory

The lofty aim, though perhaps also naive, deluded or even impossible, is to classify all
groups; that is, answer the question:

Given a set of properties, can we list all groups satisfying those properties?

This is a ridiculously impossible question to answer in any form of generality. For example,
it is now (from 1997) known that there are 10494213 essentially different groups with
512 elements and we are unlikely to write down or work with a list of 10 million groups.
Nevertheless, the above aim is behind the general study of groups. We hope to provide
some sort of analysis on the structure of or restrictions on groups satisfying particular
properties.

In this context, we need to give some thought about what “essentially the same” means
for a group. A natural way to produce groups that are in reality identical but superficially
different is to write down a Cayley table for a group, but then replace each element by a
different symbol. For example,

‘ 1 a b c e T Yy z
111 a b ¢ ele z y =z
ala 1 ¢ b rlx e z y
blb ¢ 1 a yly z e x
clec b a 1 Zlz y x e

12



are surely describing essentially the same group. In view of this we make the following
definition:

Definition 1.13 Let G and H be two groups (both with multiplicatively written binary
operation). An isomorphism ¢: G — H is a bijective map such that

(zy)¢ = (z¢)(yp)  forallz,yeG.

We say that G and H are isomorphic, written G = H, if there is an isomorphism from G
to H.

Two groups that are isomorphic are essentially the same and really only differ in the
labelling of the elements. If ¢: G — H is an isomorphism, then it first gives a one-one
correspondence between the elements of G and of H. Second if two elements z,y € G
multiply to an element z = zy, then the corresponding elements x¢ and y¢ multiply in H
to z¢ = (zy)¢ = (z¢)(y¢). Consequently, the multiplication in G and in H are essentially
the same, if we were to write out the Cayley tables, they would look the same, and so the
groups should be viewed as the same.

For the future, when attempting to classify groups, we only ever classify up to isomor-
phism and only list one group of each isomorphism-type. It is unnecessary to list a group
that is isomorphic to one we already know. We will also want to ensure that any definitions
we may make are group theoretical properties, that is, if G and H are isomorphic groups
then any definition applies in the same way to both groups. So if G has a particularly
property, then so should H. If G does not have a property, then H should not.

Basic properties of group elements

So far we have introduced the definition of a group, presented some examples and said
that we wish to classify groups up to isomorphism. To make a start on this task, we first
establish some basic properties of the elements of a group before we move on in future
sections to consider what we mean by the structure of a group.

Lemma 1.14 Let G be a group.

(i

The identity element 1 of G is unique.

(ii) Fach element x in G has a unique inverse z~!.

)
)
(iii) 17! =
(iv) Ifx € G, then (z71)~! = 2.
(v) Ifx,y € G, then (zy) ! =y lz~L.
PROOF: (i) Suppose e is also an identity element in G. Then

re=exr =2x for all x € G,

while
rl=1rx==x for all x € G.

Taking x = 1 in the first and = = e in the second gives

1=1le=c¢e.

13



(ii) Suppose #~! and y are both inverses for z. So

1 -1

zxT =2 x=1=xy=yx.
Then
(e o)y =ly=y
and
(7l =2 ay) =21 =21
Therefore

z = Y.
(iii) Since 1 is the identity element, 11 = 1. Hence 1 is the unique element y satisfying
ly =yl = 1; that is, 17! = 1.
(iv) Exercise on Problem Sheet I.

(v)

(zy)(y e H=z@yy Nz =zl =zt =1

and

(v la Nay) =y 'z a)y=y "ly=y 'ly=1

Hence (zy)~! =yt~ O

Since we can multiply elements in a group, we can take a single element = of a group
and multiply it by itself a number of times to form powers of x.

Definition 1.15 Let G be a group and = € G. If n is a positive integer, we define

" =zxx...x

n times
R e L
-
n times
and
20 =1.

As the binary operation in our group is associative, we do not have to specify the
bracketing in the product zz...z. Hence z" (and so also ™) is a uniquely specified
element of the group.

Proposition 1.16 (Power Laws) Let G be a group, x € G and m,n € Z. Then
(i) 2™ a™ = g™t
(i) (z™)" = z™n,

PROOF: Exercise, based on analysis of the signs of m, n, etc. O

14



The order of an element

We can use the powers of x to make a useful definition. Let GG be a group, x be an element
of G and consider the set of all powers of z:

-2 —1 2 .3
Lxf e Lyt xd ... (1.2)

If the elements in this list have repeats (as must be the case if G is a finite group), then
there exist ¢, € Z with ¢ < j and
2t =al.
Multiply by the inverse of z¢, that is ™, to find
i, —i i, —i

Tl iyt =gl = =0 = 1.

Hence there exists a positive integer m such that =™ = 1.
We therefore make the following definition:

Definition 1.17 Let G be a group and = be an element of G. We say that x has finite
order if there exists a positive integer m such that " = 1. If not, we say x has infinite
order.

In the case that x has finite order, the least positive integer m satisfying ™ = 1 is
called the order of x and is denoted by o(z) (or by |z| in some books).

In summary,

e the list (1.2) has repeats if and only if o(z) < oc;
e the elements in the list (1.2) are distinct if and only if o(x) = oo;

e in a finite group, every element has finite order.

What we shall discover is that if G is finite, then o(x) divides |G| for all x € G. This
will depend upon the theory of subgroups, developed in the next section.

Example 1.18 Consider the case of G = S3. For o = (1 2 3), we calculate
(123)?2=(132), (123)° =1,

SO

o((123)) =3.
For 7 = (1 2), we calculate

(12)% =1,
S0
0((12)) =2.
For a general r-cycle

o= (i1 12 ... 1)

in an arbitrary symmetric group S,, of degree n, we can calculate the effect of successive

powers of o on the points of X = {1,2,...,n}:
. . .92 . . r—1 . . r .
150 = 1541, 10 = 1542, ceey 150 =1-1, 10 =14

Hence o" fixes all points in X (since o fixes all points of X other than iy, 49, ..., 7,). Thus
o” =1 and all lower powers of ¢ are non-identity. Thus

o(o) = o((ir iz ... i) =T

15



Our final result for this section is:
Lemma 1.19 Let G be a group and let x be an element in G of finite order. Then
" =1 if and only if  o(z) divides n.
Proor: If o(z) divides n, say n = o(zx) - m, then
£ = (@) = .
Conversely, suppose 2™ = 1. Divide n by o(z) to obtain a quotient and a remainder:
n=gq-o(r)+r where 0 < 7 < o(x).

Then
1 =g" = geo@)tr — (a:o(x))qa:T =19%" =2a".

Hence z" = 1. However, by definition, o(z) is the smallest positive integer such that
2°®) = 1 and here we have 0 < 7 < o(z). This forces 7 = 0 and so n = ¢ - o(z); that is,

o(x) divides n.

This brings us to the end of our introductory section. If we are to make progress in our
goal of studying and classifying groups, then we have to move beyond the consideration
of elements alone in a group. It is in view of this that we move to more “structural”
considerations. The first example of this is subgroups in the next section. We shall see
that the presence of smaller groups appearing inside a large group places considerable

rigidity upon it.
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Chapter 2

Subgroups

As we observed in the previous section, the use of the Cayley table is somewhat limited and
we need to find aspects of “structure” in groups to enable us to actually make progress
in their study. The first example of something providing structure is the concept of a
subgroup (a copy of a smaller group found within another group).

Definition 2.1 Let G be a group. A subgroup of GG is a subset H of G which is itself a
group under the multiplication of G. We write H < G to denote that H is a subgroup
of G.

It is more useful to have a precise characterisation of this condition.

Theorem 2.2 The following are equivalent for a subset H of a group G:
(i) H is a subgroup of G;
(ii) H is a non-empty subset of G such that xy € H and x~' € H whenever x,y € H;

(iii) H is a non-empty subset of G such that xy~! € H whenever z,y € H.

Proor: We show that (i) and (ii) are equivalent and leave the equivalence of (iii) to
Problem Sheet II.

(i) = (ii): The binary operation on G must induce a binary operation on the sub-
group H, so xy € H whenever x,y € H. Note that H and G must share the same identity
element, since the identity element e of H satisfies e? = e and multiplying by its inverse
(as an element of G) gives e = 1. Therefore the inverse of an element x in H must also
be an inverse for it as an element of G. Since the inverse in G is unique, we conclude
z7l1 € H forall z € H.

(ii) = (i): Since xy € H for all z,y € H, we obtain a binary operation defined on H.
It is associative since z(yz) = (xy)z for all x,y,z € G and therefore certainly for all
x,y,z € H.

By assumption, H is non-empty, so contains some element a. Then a~! € H by
hypothesis. Then aa~! € H by assumption; that is, 1 € H. Since lx = z1 = z for all
x € H (as this holds for z € G), we conclude that 1 is also the identity element for H.

Finally by hypothesis, each 2 € H has an inverse in H, namely the element z~!, which
lies in H. Thus H forms a group under the multiplication in G, so H < G. ]
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Example 2.3 If G is any group, the sets {1} and G are subgroups of G. The former is
called the trivial subgroup of G and is also denoted 1.

VERIFICATION: 1-1=1and 17! = 1, so {1} satisfies the condition to be a subgroup. It
is immediate that G satisfies the condition. O

Example 2.4 It follows straight from Definition 2.1 that as additive groups, Z < Q <
R <C.

Recall from Proposition 1.9 that every permutation in S, can be written as a product
of transpositions. It is a theorem (proved in MT2505 but omitted here) that a permutation
can either be written as a product of an even number of transpositions or an odd number
of transpositions, but never both. We may therefore make the following definition:

Definition 2.5 A permutation o € S, is called even (respectively, odd) if it can be
written as a product of an even number (resp., odd number) of transpositions. The set
of all even permutations in S, is called the alternating group of degree n and is denoted

by An.
Our comment above ensures that a permutation is either even or odd, but never both.

Theorem 2.6 The alternating group A,, is a subgroup of the symmetric group S, of
degree n.

PROOF: There certainly are permutations that are even (for example, just multiply any
two transpositions), so A, is non-empty. If a,8 € A, say a = 0102...09; and =
T1To ... Ty as products of even numbers of transpositions, then

aﬁ = 01092...09LT1T2...Ty
is a product of 2(k + ¢) transpositions, so is even. Equally

a = (o109... 0%)71

-1 _—1 -1 _—1
= O 9192 01
= 02k02k—1---0201
is a product of 2k transpositions, so is even. Hence
af,a"te A, for all a, B € An,

so A, < 5,. O

Generating sets

We shall now present a way of defining subgroups of a group. This is analogous to the
concept of a spanning set in a vector space. We first start with an observation about
subgroups.

Theorem 2.7 Let G be a group and { H; | i € I} be a set of subgroups of G (indexed
by some set I). Then the intersection
(4

el

is also a subgroup of G.
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PROOF: Let us write H = (),c; H;. Since each H; is a subgroup, they all contain the
identity element 1 of G. Hence 1 € H, so H is non-empty. Now let z,y € H. Then
x,y € H; for each i, so by Theorem 2.2, we see that zy, 2! € H; for each i. Therefore
zy,z~' € H, and Theorem 2.2 tells us that H is a subgroup of G. O

(As a side comment, it is very rare for the union of subgroups to be a subgroup.)

Definition 2.8 Let G be a group and X be a subset of G. The subgroup generated by X,
denoted by (X), is the intersection of all subgroups of G' containing X.

Remarks:

(i) There is at least one subgroup of G containing X, namely G itself. So our definition
makes sense.

(ii) Theorem 2.7 guarantees that (X) is a subgroup of G. Moreover, every subgroup we
are intersecting contains X, so we conclude X C (X). That is, (X) is a subgroup
of G containing the set X.

In fact, we can do better than (ii) above. If H is any subgroup of G containing X, then
H is one of the subgroups we intersect and so by construction, (X) < H. This establishes:

Lemma 2.9 The subgroup (X) generated by X is the smallest subgroup of G contain-
ing X.
This is “smallest” in the sense of containment: (X) is a subgroup of G and if X C

H < G, then (X) < H.

The problem with our Definition 2.8 is that, although it guarantees the existence of
this subgroup, it provides us with nothing concrete in terms of the description of (X)
or its elements. The following is somewhat more useful and gives a better feel for what
“generating a subgroup” actually means.

Theorem 2.10 Let G be a group and X be a non-empty subset of G. The subgroup (X)
generated by X is the set of all possible products of elements of X and their inverses:

(X)={a72P...a;p |neN,z; € X, es,=x1fori=1,2,...,n}.

PROOF: Let us write H for the set appearing on the right-hand side of the above equation.
First (X) is a subgroup of G, so is closed under products and inverses, and it contains X.
Therefore (X) must contain all the products that appear in H, so

H C (X).

On the other hand, H is non-empty (it contains X). If g,h € H, say

— f1,.62 3 — o, M2
g=uai'x? . . apr and h=y'yy?. ..y,

where m,n € N, z;,y; € X and ¢;,7; = £1 for all 7 and j, then
m, n2

gh=a{'z3? . airyltyl . ooyn € H

and
_ € —E€m-—1 —€9 _,—€1
g =z, mx, " ... 2y x] ' € H.



Hence H is a subgroup of G. Since this subgroup contains X, we conclude (by Lemma 2.9)
that

Hence

as required. O

Let us consider the special case of Definition 2.8 and Theorem 2.10 when the set X
contains a single element: X = {x}. Theorem 2.10 then says

(r) ={a"[neZ}

so the subgroup generated by the element x consists of all powers of z. (As a consequence,
this guarantees that the set of all powers of the element x is a subgroup of whichever
group we are working within.) Note that we tend to drop extraneous brackets and simply
write (x) rather than ({z}).

We make the following definition:

Definition 2.11 Let G be a group. We say that G is cyclic if there exists some z € G
such that G = (x) and then call this = a generator of G.

More generally, if x is an element of a group G, we call (z) the cyclic subgroup generated
by x.

Example 2.12 Consider the group Z of integers under addition. Since we are adding
elements in this group, powers become multiples. In particular

1+1+---4+1=n.
n times
Hence
Z = (1).

There is a tight link between the subgroup generated by an element x of a group G
and the order of the element x. Recall first that if x has infinite order, then the powers z™,
for n € Z, of x are all distinct. As a consequence

if x has infinite order, then (x) contains infinitely many elements,

namely the distinct powers of x.

On the other hand, suppose = has finite order. Recall that o(x) is the least positive
integer satisfying 2°(*) = 1. If n is any integer, divide it by o(z) to obtain a quotient and
remainder:

n=gq-o(x)+r where 0 < r < o(z).
Then
" = xq~0($)+7” _ (wo(x))qxr —_
So every power of = equals z" for some r € {0,1,...,0(z) — 1} and so
(z) = {1,z,22%, ... 2°@~1},
Moreover the powers listed in the set above are distinct. For if it were the case that z° = 2/
for some 4, j with 0 < i < j < o(x) — 1, then
=1
and here 0 < j — i < o(x). This would contradict the definition of o(x).
Putting the above together, we have established the following:
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Proposition 2.13 Let G be a group and x € G. Then

0

(For when o(z) = oo, the subgroup generated by x is infinite. When o(z) < oo, the
subgroup generated by x contains precisely o(z) distinct powers of x.)

Notice also that if o(z) = k is finite (as would happen for an element in a finite group),
then

SO

This means that we can replace z~! by a product of copies of . We can then immediately
deduce the following from Theorem 2.10.

Corollary 2.14 Let G be a finite group and X be a non-empty subset of G. Then

(X)=A{x1z0...2n |n€EN, ;€ X fori=1,2,...,n}.

The generation algorithm

In view of Corollary 2.14, we can find all the elements in the subgroup (X) generated by a
subset X of a finite group by successively finding ever longer products of the elements in X
and stopping when multiplying the products we have found by the elements in X produces
no new elements. This is what is done by the following algorithm for computing all the
elements in the subgroup of a finite group G generated by the set X = {z1,22,...,2m}.

Initialise: Take A = {1}.

For each a € A:
Calculate az1, azs, ..., axy,
If any az; is not currently listed in A
Append this az; to A.

Repeat until no new products are generated.

This calculates (X) since it computes a set A of products of the 1, x2, ..., 2, such
that there are no such products not in the set A. Thus when we finish (X) = A.

Example 2.15 Calculate the elements in the subgroup H of Sg generated by the permu-

tations
c0=(1234)(5678) and T=(1537)(2846).
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SOLUTION: We apply the above algorithm:

ag =
a3z =
ay4 =
a5 =

ag —

7_
a J—

So H = {a1,as,as,ay4,as,as,a7,as}, a group of order 8.
multiplication table — and putting the elements in the right order — we can see that this

=1
alcf—(1234)(5678)
a1T=(1537)(2846)
azo = (13)(24)(57)(6 8)
aoT =(1836)(2745)
aso=(1638)(2547)
azT = (13)(24)(57)(6 8) = as
aso0 =(1432)(5876)
—ar=(1735)(2648)
aso = (153 7)(2846) = ag
asT = (1432)(5876) = ar
a0 = (1735)(2648) = ag
agT = (1234)(5678) =as
aro = (1)(2)3)(4)(5)(6)(7)(8) =1 = a
arT=(1638)(2547)=ag
agoc =(1836)(2745) =as
agT = (1)(2)(3)(4)(5)(6)(7)(8) =1 =

group H is isomorphic to the quaternion group Qg.)

Dihedral groups

Further to the example above, it is a theorem (that we shall meet in due course) that every
finite group occurs as the subgroup of some symmetric group S,, (or, more precisely, every
finite group is isomorphic to a subgroup of some S,,). One important collection of groups
is most easily described by providing generators for them as subgroups of various 5.

Definition 2.16 Let n >

3. The dihedral group of order 2n, denoted by Dag, (or by D,

in roughly half the textbooks), is the subgroup of S,, generated by

=(123---n) and

8=

1 2
1 n n—1

3 n

The basic properties of the dihedral groups are as follows:

Theorem 2.17 Let n >
of order 2n:

(i) o(a) =mn, o(B) =2.
(i) Ba=a"'4.

(iii) Doy, = {7 |0<i <

n—1,0

3. The following statements are true for the dihedral group Do,

< j <1} and |Dy,| = 2n.
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(iv) Day, is non-abelian.

PROOF: (i) is obvious and (ii) is simply a matter of direct calculation. If 3 < ¢ < n, we
calculate

ifa=MnN+2—i)a=n+3—1i
ia'B=(i-1)B=n+2)—(i—1)=n+3—i.

The values for ¢ = 1 and 2 are calculated separately and we conclude

(123 4 - n-1 n\
BO‘_<2 1 n n=1 -« 4 3)‘0‘ .

(iii) D9y, = {(a, B), so by Corollary 2.14 every element in Dy, is a product of these two
permutations. Consider such a product. Whenever we see S« occurring, we can replace
it by o~ '8 = o™ 3. By repeating this procedure, we can move all the occurrences of «
to the left of all the occurrences of 5. Thus, every element in Ds, can be written in
the form a’87. Since o(a) = n and o(3) = 2, we can always take i and j in the ranges
0<i<n—1, 0<j5<1. Hence

Doy ={a'F/|0<i<n—1,0<; <1}

and
To complete this part, we must establish the above 2n elements are distinct. First,
since o(a) = n, the powers 1, a, a2, ..., a® ! are distinct (as was observed earlier). If

a'B = o B, then multiplying by ! gives o = a7, so i = j. Finally suppose o8 = a7, so
8 =al7". But § fixes 1, while @/~ moves 1 to 1 + j — ¢, so this forces j =i and so § =1,
which is false. Hence the 2n products listed above are distinct and

|Dap| = 2n.
(iv) Follows from (ii) and (iii):
Ba=a"'B=a""18#ap.
U

It can be shown that each element of Dy, corresponds to a rotation or a reflection of
a regular n-sided polygon and that the dihedral group Dy, is isomorphic to the group of
symmetries of this polygon.

Cosets and Lagrange’s Theorem

We have now met the definition of a subgroup and discovered how to generate a subgroup
using a set of elements from a group. However, the claim was that subgroups were useful
because they provide some sort of structure and constraint upon the group within which
they are found. We shall now establish this by showing how a group is partioned into the
union of cosets of any subgroup.
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Definition 2.18 Let G be a group and suppose that H is a subgroup of G. Let = € G.
The right coset of H with representative x is the following subset of G:

Hr={hx|heH}.
Similarly the left coset of H with representative x is
xH={zh|heH}.

Most of the time one only needs to work with one type of coset. In this course, we
shall place almost all our attention on right cosets and there will be only one or two places
where we need to consider both right and left cosets. For this reason, we shall often simply
speak of cosets and we shall mean right cosets when we do so.

Theorem 2.19 Let G be a group and H be a subgroup of G.
(i) Ifx,y € G, then Hx = Hy if and only if xy~' € H.

)
(ii) Two right cosets of H in G are either equal or disjoint.
(iii) G is the disjoint union of the right cosets of H.

)

(iv) Every right coset contains the same number of elements as the subgroup H: ifx € G,
then |Hz| = |H|.

Although not proved here, we comment that analogous statements hold for left cosets.
The only significant change is an appropriate alteration to the condition for two left cosets
to be equal.

PROOF: (i) Suppose first Hz = Hy. Now z = 1z € Hx, so x € Hy. Therefore = = hy for
some h € H and then
xy ' =he H.

Conversely, suppose xy~' € H. Then if h € H,
hx = h(zy )y € Hy,
as h(zy~1) € H, and we deduce Hx C Hy. Similarly, if h € H,
hy = hyz 'z = h(zy ") "'z € Hz,
as h(zy=1)~! € H. We deduce Hy C Hx, and hence conclude
Hzx = Hy.

(ii) Consider the two cosets Hx and Hy. These cosets are disjoint when Hx N Hy = &.
Let us suppose that Hx N Hy # &, so there exists some element ¢ € Hx N Hy. Since
g € Hx, g = hx for some h € H. Equally, as g € Hy, g = ky for some k € H. Then

hz = ky,

SO
zy '=h"lke H

Then part (i) tells us Hx = Hy.
So the cosets Hx and Hy are either disjoint, or if not disjoint then they are equal.
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(iii) If x € G, then x = la € Hx. Hence every element of G lies in some coset of H,
and therefore G is the union of the cosets of H. Part (ii) tells us this is a disjoint union.
(iv) Define a mapping a: H — Hzx by

hoa = hz.

By definition of the coset, this is a surjective map. Let h, k € H and suppose that ha = ka;
that is,
hx = kx.

Multiply by 2! to deduce
h=(hz)z ™t = (kx)z™t = k.
Hence « is injective. We conclude that « is a bijection and so

|H| = |Hzl.

Remarks:

(i) If H is a subgroup of G, we can define a relation ~ on the group G by
T~y if and only if zy ! e H.

Similar arguments and effort to that in the proof of Theorem 2.19 shows that ~ is
an equivalence relation on GG and the equivalence classes are the right cosets of G.
This is an alternative way to see that G is the disjoint union of the right cosets of H.

(ii) Note that the coset H1 with representative 1 (the identity) is equal, as a set, to the
original subgroup H.

We have shown that the group G is the disjoint union of the right cosets of the sub-
group H and each coset contains |H| elements. We can represent this by the following
diagram:

°1 °x
i %
Hl=H Hzx
(x ¢ H)

This means that the order of G must equal the number of cosets of H multiplied by the
order of H.

Definition 2.20 Let G be a group and H be a subgroup of G. The index of H in G is
the number of cosets of H occurring in G. It is denoted by |G : H| (or by [G : H| in some
books).

We have proved:
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Theorem 2.21 (Lagrange’s Theorem) Let G be a group and H be a subgroup of G.
Then
Gl = |G H|- ||

In particular, if G is a finite group, then |H| divides |G|.

Corollary 2.22 Let G be a finite group and x € G. Then the order o(x) of x divides |G]|.

PROOF: Proposition 2.13 says o(z) = |(z)|, which divides |G| by Lagrange’s Theorem. [J
We can now prove our first classification theorem:

Corollary 2.23 Let p be a prime number. Any group of order p is cyclic.

PRrROOF: Let G be a group of order p. Let x € G\ {1}. Then |(z)| divides p, so |(z)| =
p = |G| (since = # 1). Hence G = (z). O

We shall describe the structure of cyclic groups in full detail later. In particular, we
shall show that there is, up to isomorphism, exactly one cyclic group of each order.

Example 2.24 Let G = S3 and H = ((1 2)) = {1,(1 2)}. Let us calculate the cosets
of H: we know that there will be 3 right cosets.

H=Hl={1,(12)}=H(12)
H(23)={(23),(132)} = H(132)
H(13)={(13),(123)} = H(123)

Let us also calculate the left cosets:

H=1H={1,(12)} = (12)H
(23)H = {(23),(123)} =
(13)H = {(13),(132)} =

Note that the right cosets and left cosets do not coincide.

We finish this section by recording a variation on Lagrange’s Theorem that is frequently
useful.

Theorem 2.25 Let G be a group and H and K be subgroups of G with K < H < G.
Then
|G: K|=|G:H|-|H:K|

PROOF: For G infinite this requires a lot of care. This proof is omitted. (It can be found
in books and on Problem Sheet I of my version of MT5824.)
For G finite, the proof is easy using Lagrange’s Theorem:

Gl _ 6l |H|

G K| ==
(K] H] K]

=|G:H| |H:K|.
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Chapter 3

Normal Subgroups, Quotient
Groups and Homomorphisms

In this section we introduce the second and third basic aspects of structure within groups,
though, as we shall see, these are heavily linked. The most important definition here
will be that of a homomorphism, which is a map between groups that preserve the group
multiplications. We begin by defining the concept of a normal subgroup.

Normal subgroups and quotient groups

Definition 3.1 Let G be a group and N be a subgroup of G. We call N a normal subgroup

of G if

1

g xzg€ N forallz € N and g € G.

We write N < G to denote that N is a normal subgroup of G.

The element g~ 'zg is called the conjugate of « by g. It is frequently denoted by 9.
Conjugation will be discussed at greater length later.

Example 3.2 If G is any group, it is straightforward that
G 1G.
Furthermore, g '1g = g 'g = 1, so we deduce
14G.

The above two subgroups provide the only normal subgroups that are guaranteed to
exist within any group. Any other normal subgroups exist for some reason to do with
the actual nature of the group we are working with. A particularly interesting case will
be groups where the trivial subgroup and the whole group itself are the only normal
subgroups. We shall examine this in more detail later. The following lies at the other
extreme:

Example 3.3 In an abelian group, every subgroup is normal.

PROOF: Let G be an abelian group and H < G. Let g € G and z € H. Then

1

g leg=g lgr =1z =2 € H.

So H 4G. O
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Example 3.4 Consider the quaternion group Qg = {=£1,+i,+j,+k}. Show that the
subgroup Z = (—1) is a normal subgroup of Qg of order 2.

SOLUTION: (—1)? =1, so —1 is an element of Qg of order 2. Therefore
12 = [{=1)] = o(~1) = 2.

If @ = 44, 5 or &k, then a?> = —1 and a* = 1. This tells us that the order of a divides 4
and o(a) # 2, so
o(a) =4 if a € {£i,+j, £k}

Now let x € Z. If x = 1, then
g lag=g Ng=glg=1€2 for all g € Qs.
If x = —1, then since Question 13 on Problem Sheet I tells us
o(g~g) = ofx) = 2
and we have just observed that x = —1 is the unique element of order 2 in (g, we conclude
g lrg=2¢€Z for all g € Qs.

Hence
g lzge Z for all z € Z and all g € Qs;

that is,
Z 4Qs.

O

What a normal subgroup enables us to do is to create a group from the set of (right)
cosets of the normal subgroup. We shall now do this:

Definition 3.5 Let G be a group and let N be a normal subgroup of G. Let
G/N ={Nz |z € G},
the set of all right cosets of NV in G. Define a multiplication on G/N by
Nz - Ny= Nzxy

for z,y € G (i.e., we multiply the representatives of the cosets).
We call G/N with this multiplication the quotient group of G by N.

We only use the notation G/N when N < G. The set of right cosets of an arbitrary
subgroup H of a group G only has a group multiplication defined upon it when H is a
normal subgroup.

Theorem 3.6 Let G be a group and N be a normal subgroup of G. Then G/N is a group
with respect to the multiplication defined above.

Establishing this theorem justifies our terminology: we are allowed to call G/N the
“quotient group”, since it is indeed a group.
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PROOF: The most challenging step in the proof is the first one, verifying that we do
have a binary operation on G/N, whereas checking the axioms of a group turns out
to be straightforward. The problem is that the multiplication defined in Definition 3.5
depends upon the representatives  and y and we know that cosets can have many different
representatives. We need to ensure our multiplication is well-defined: it depends only upon
the cosets concerned and not on the choice of representatives for the cosets.

Consider two cosets of N and suppose that we have written them with different rep-
resentatives: Nz = Nz’ and Ny = Ny'. This means that

z(z)teN and y(y') "t e N,
by Theorem 2.19(i). Let’s give names to these elements of N, say
a=z(z)t and b=y(y) ™,

SO

Then
xy = ax'by’ = az'b(z) "2y
=ab ™) 2y
Since N < G, @)™ € N and so ab@) ™" € N. Therefore
zy(a'y) ™t = ab@) e N
and, using Theorem 2.19(i) again,
Nzy = Nx'y/.

This tells us that we get the same answer for the product Nz - Ny whether we calculate
it using the representatives z and y or using the representatives 2’ and y’. Hence we have
a well-defined multiplication on G/N.

The remaining sets of the proof are straightforward. We check the axioms of a group:

Associativity: Let Nx, Ny, Nz € G/N. Then
(Nz-Ny)-Nz= Nxy-Nz= N(zy)z

and
Nz -(Ny-Nz)=Nzx-Nyz= Nz(yz).

But the multiplication in G is associative, so (zy)z = z(yz) and hence
(Nz-Ny)-Nz=Nz-(Ny-Nz),
as required.

Identity: Nz - N1 = Nzl = Nz and N1- Nz = Nlz = Nx for all x € G, so N1 is the
identity element of G/N.

Inverses: Nz - Nz~ ! = Nzz™' = N1 and Nz~ ! - Nz = Nz~ 'z = N1, so Nz~ ! is the
inverse of Nz in G/N.
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Hence G/N is a group. O

What one could do now is to take a known group G with a known normal subgroup N
and then construct the multiplication table of G/N. This can be done, but the process
is reasonably complicated. Moreover, it really misses the point. Multiplication tables
tend to obscure information about groups and what we really want to understand are the
subgroups and, now, the normal subgroups. In a short while we shall meet the Correspon-
dence Theorem which tells us how the structure (i.e., subgroups and normal subgroups)
of the quotient group G/N corresponds to just a part of this structure within G. In this
sense, the quotient group has a more simplified structure than that of the original G.

As a further illustration, if we are working with a group G of order 44 (for example)
and we manage to show that it has a normal subgroup N of order 11, then Lagrange’s
Theorem tells us |G/N| = 4. We now want to understand two groups N and G/N of
considerably smaller order and then put them together to understand G. Future sections
will explain more clearly how these steps are done.

Homomorphisms

The second part of this section concerns the final aspect of what might be described as
basic group structure. This describes how two groups relate to each other via mappings
that respect the group multiplication.

Definition 3.7 Let G and H be groups (both with multiplicatively written binary oper-
ation). A homomorphism ¢: G — H is a map such that

(z9)¢ = (z6)(y$)  forall z,y € C.

Note once again that we are writing our maps on the right. On the left-hand side
we multiply the elements of G and then apply the map ¢. On the right-hand side we
apply ¢ to produce two elements of H and then multiply them in H. We often describe
the above condition as saying that a homomorphism “preserves” the group multiplication.
Homomorphisms in group theory are the analogues of linear maps in linear algebra, which
preserve addition and scalar multiplication of vectors.

Example 3.8 (i) Let G and H be any groups. Define a map (: G — H by
x( =1 (the identity element of H)

for all x € G. Then ( is a homomorphism, often called the trivial homomorphism
(or “zero homomorphism”).

VERIFICATION: (xy)¢ = 1 while (z{)(y{)=1-1=1. O

(ii) If G is any group, the identity map ¢: G — G is a homomorphism, since (zy)t =
xy = (a)(ye) for all x,y € G.

(iii) The set {+1} forms a group under multiplication, indeed it is cyclic of order 2
generated by —1.

Now consider S,,, the symmetric group of degree n. Define a map ®: S,, — {£1} by

+1 if o is even
od =
—1 if o is odd.
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Remember that a permutation is even/odd if it is a product of an even/odd number
of transpositions. When we multiply two permutations, we will add the number of
transpositions involved, so we observe:

even perm X even perm = even perm
even perm x odd perm = odd perm
odd perm x even perm = odd perm

odd perm x odd perm = even perm
From this it follows that ® is a homomorphism.

(iv) Let F' be afield. The set of non-zero elements of F' form a group under multiplication,
called the multiplicative group of F' and denoted F*. If n is a positive integer, define

§: GLy(F) — F*

by
A = det A.

Since det(AB) = det A - det B, we conclude ¢ is a homomorphism.

The first basic properties of homomorphisms are the following:

Lemma 3.9 Let ¢: G — H be a homomorphism from a group G to a group H. Then
(i) 1g¢ = 1y, where 1¢ and 1 denote the identity elements of G and H, respectively.
(i) (x71)¢ = (wg)~! forallz € G.

We normally write 1¢ = 1 for part (i) since, as ¢ is a map G — H, it is clear that the
identity element on the left-hand side must lie in G, as that is the domain of ¢, and that
the right-hand side must be in the codomain H of ¢. Similarly, in (ii), the inverse on the
left-hand side is in GG, while that on the right-hand side is calculated in H.

PROOF: (i) Let e = 1¢ = 1g¢. Then as 1-1 =1 in G, when we apply ¢ we deduce
e=1¢=(1-1)¢ = (19)(1¢) = €.

We now multiply by e~ !:

e=elet=cet=1 (=1p).
(ii) Let # € G and consider x¢ and (x7!)¢. Since ¢ is a homomorphism

2¢-(x7)p = (za" p=1¢=1

and
(z )¢ 26 = (@ ") = 1o =1,

using part part (i) both times. This shows that (2 71)¢ is the inverse of 2¢ in the group H.
Since inverses are unique, we have established

(z7 )¢ = (zg) "
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Kernels and images

To make progress working with homomorphisms, we need to make the following definitions
which are fundamental to the study of these maps. They are, of course, very similar to
those made in linear algebra.

Definition 3.10 Let ¢: G — H be a homomorphism from a group G to a group H.

(i) The kernel of ¢ is
kerg ={zecGlzp=1}

(ii) The image of ¢ is
imp=Gp={z¢|zeG}.

Note that, in this definition, ker ¢ is a subset of G while im ¢ is a subset of H. In fact,
we can say much more:

Lemma 3.11 Let ¢: G — H be a homomorphism from a group G to a group H. Then
(i) the kernel of ¢ is a normal subgroup of G;
(ii) the image of ¢ is a subgroup of H.

PrROOF: (i) We must first show that ker¢ is a subgroup of G. To do this, we use
Lemma 3.9(i) to tell us 1¢ =1, so 1 € ker ¢ (that is, the kernel of ¢ contains the identity
element of G). In particular, the kernel is a non-empty subset of G. Now let x,y € ker ¢,
so x¢ = y¢p = 1. Then

(zy)d = (zd)(yp) =1-1=1
and
(z V= (zp) L =171 =1.

Hence 2y, 2~ € ker ¢. This tells us ker ¢ is a subgroup of G.
Now let « € ker ¢ and g € G. Then

(g7 29)0 = (9¢) " (x9)(9¢) = (9¢) '1(g¢) = (90) ' (9¢) = L.

Hence g~ 'xg € ker ¢ for all € ker ¢ and g € G.

We conclude that ker ¢ is a normal subgroup of G.

(ii) Since 1¢ = 1, we conclude im ¢ is non-empty as it contains the identity element
of H. Now let g, h € im ¢. By definition, g = x¢ and h = y¢ for some z,y € G. Then

gh = (2¢)(y¢) = (xy)¢ € im ¢
and
g =(2z¢)" = (a7)¢ €img.
Hence, im ¢ is a subgroup of H. 0

The kernel and the image tell us a lot about our homomorphism ¢. For a start, they
inform us whether or not it is injective or surjective:

Lemma 3.12 Let ¢: G — H be a homomorphism from a group G to a group H.
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(i) ¢ is injective if and only if ker ¢ = 1.
(ii) ¢ is surjective if and only if im¢ = H.

PROOF: (ii) is an immediate consequence of the definitions.

(i) Suppose ¢ is injective. Let x € ker ¢. Then x¢ = 1 = 1¢ and, as ¢ is injective, we
conclude x = 1. Thus ker ¢ = 1.

Conversely, suppose ker ¢ = 1. Let z,y € G and suppose ¢ = y¢. Then

(zy o = (2¢)(yd) ' = (x¢)(x¢) " =1.

1

So zy~' € ker¢p = 1 and xy~! = 1. Multiplying by y gives

r=xy ly=1y=y,

and we conclude ¢ is injective. O

The Isomorphism Theorems

We have introduced the concepts of a homomorphism, its kernel and its image. The kernel
is always a normal subgroup and, in view of our work earlier in the section, the natural
question is what is the quotient group and what does it tell us about the homomorphism ¢?
Before we do that, we present an example that tells us that it is not just the case that
kernels are normal subgroups, but the converse also holds, so kernels of homomorphisms
and normal subgroups are precisely the same thing.

Example 3.13 Let GG be any group and N be a normal subgroup of G. Recall that we
can then form the quotient group

G/N={Nz|zeG}
with multiplication
Nz - Ny = Nuzxy.
Let us define a map 7: G — G/N by

zm = Nx for each x € G.

(So we map each element of G to the unique coset of N that contains it.) The multiplication
in G/N ensures that 7 is a homomorphism:

(zy)m = Nxy = Nz - Ny = (zm)(yn) for all x,y € G.

We call 7 the natural homomorphism or canonical homomorphism associated to N.
The definition ensures that 7 is surjective; that is, im7m = G/N. We now determine
the kernel:

kerm={zeG|zr=N1}
={z€G|Nzx=N1}
={zeG|zeN}=N.
In particular, this tells us that every normal subgroup occurs as the kernel of a homo-
morphism. The First Isomorphism Theorem strengthens what we have done to show that

the image of a homomorphism always looks like the quotient by the kernel, which is what
we have just observed happens with the natural homomorphism.
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Theorem 3.14 (First Isomorphism Theorem) Let G and H be groups and ¢: G —
H be a homomorphism from G to H. Then ker ¢ is a normal subgroup of G, im¢ is a
subgroup of H and

G/ker ¢ = im ¢.

PrRoOOF: The first two assertions are found in Lemma 3.11. We need to construct an
isomorphism (a bijective homomorphism) between G /ker ¢ and im ¢. So write K = ker ¢
and define
0: G/K —im¢
by
(Kz)0 = x¢.

The definition of # appears to depend on the choice of representative x for the coset Kz,
so we must first check that 6 is well-defined.

Suppose Kz = Ky. Then xy~! € K = ker ¢, so

1= (zy "o = (z¢)(ye) "

and multiplying by y¢ gives x¢ = y¢. Hence 0 is well-defined.
Next

(Ka - Ky)f = (Kay)b = (zy)¢ = (2¢)(yd) = (Kz)0 - (Ky)o
and we deduce # is a homomorphism.
If g € im ¢, then g = x¢ for some z € G. Then

(Kz)0 =z¢ =g

and we see that 6 is surjective.

Finally if Kz € ker 6, then 1 = (Kz)0 = x¢, so x € ker ¢ = K and therefore Kx = K1,
the identity element in G/K. This shows that kerf = {K1} = 1 and Lemma 3.12 now
tells us 6 is injective.

Hence 6 is a bijective homomorphism and (comparing Definitions 1.13 and 3.7) this is
exactly what an isomorphism is. Hence

G/kerf = G/K = im ¢.

Example 3.15 (i) Recall the homomorphism ®: S,, — {£1} given by

+1 if o is even
od =
—1 if o is odd.

Provided n > 2, S,, contains both odd and even permutations (e.g., (1 2) and 1,
respectively). So
im® = {£1}

and as A,, consists of all even permutations,
ker ® = A,,.
The First Isomorphism Theorem tells us A, < S, and
Sn/An 2 {£1} = Oy,
a cyclic group of order 2. In particular, this tells us A, is a subgroup of index 2

in Sy, so [Ap| = 3|S,| = 3nl.
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(ii) Recall the homomorphism 0: GL,(F) — F* given by
Ad=det A for each A € GL,,(F).

Since
a 0 0
1 : .
det | =« for each o € F™,
: o0
0o --- 0 1

we see that ¢ is surjective. The special linear group SL,,(F') is the set of all matrices
with entries from F' and determinant 1. So

ker & = SL,,(F)

and it follows from the First Isomorphism Theorem that

GL,(F)
SL,(F) < GL,(F and —— L~
The conclusion of what we have just done is that images of homomorphisms and
quotients by normal subgroups are the same thing. What we really need to understand is
how quotient groups behave and the remainder of this section contains three more major

theorems which enable us to do this.

Theorem 3.16 (Correspondence Theorem) Let G be a group and N be a normal
subgroup of G. Let
A={H|N<H<KGY,

the set of all subgroups of G that contain N, and B be the set of subgroups of G/N. The
map f: A — B defined by

Hf =H/N={Nh|heH}

is a bijection and preserves inclusions. Moreover, under this bijection, normal subgroups
(of G containing N ) correspond to normal subgroups (of G/N ).

To interpret this theorem, let us accept that the multiplication table does not provide
us with good information about a group and instead that finding the subgroups of a
group G, how these relate to each other and their properties (including which are normal)
would be far more useful. We could represent them by a diagram where each subgroup
is represented by a node, inclusions by upward sloping arrows and normal subgroups are
marked (e.g., by colouring them a different colour). What the Correspondence Theorem
tells us that, when we have found a normal subgroup IV, then that part of the structural
diagram lying between N and G is precisely the structural diagram of G/N. (In the sketch
below, the dashed lines indicate that there is some part of the subgroup diagram that is
not illustrated and we are mainly concentrating on that part lying between N and G, as
is referred to in the statement of the Correspondence Theorem.)

G/N

1={N1}
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PROOF OF THEOREM 3.16: If H is a subgroup of G with N < H < G, then N is also a
normal subgroup of H and we can certainly form H/N. This quotient is a subset of G/N
which forms a group under the binary operation on G/N. Thus f is a map from the set A
of all subgroups of G containing N to the set B of subgroups of G/N. We first establish
that f is a bijection.

Let Hy,Hy € A and suppose Hyf = Haf; i.e., H/N = Hy/N. If © € Hp, then
Nz € Hi/N = Hy/N, so Nx = Nh for some h € Hy. Thus zh™' € N < Ho, so zh™! =k
where k£ € Hy and then x = kh € Hy. This shows H; < Hs and the same argument
repeated with Hy, and Hs interchanged then shows Hy; = Hy. Thus f is injective.

Let S € B. Let H={x € G| Nx € S}. Since S contains the identity element N1
of G/N, we see that No = N1 € S for all x € N and so N < H. In particular, H is
non-empty. Let z,y € H. Then Nz, Ny € S, so

Nzy=Nz-NyeS and Nz~ '=(Nz)tes

and therefore zy,z~! € H. Hence H is a subgroup of G containing N, that is, H € A. By
definition, H f consists of some cosets belonging to S; that is, Hf C S. However, every
element of S is a coset Nx and this x belongs to H. Thus Hf = S and we deduce that
f is surjective.

If Hi,Hs € A and Hy < Hs, then

Hif={Nzx|xze€H } <{Nz|ze€Hy} =Hsf.

On the other hand, suppose Hif < Hof. If x € Hy, then Nz € Hif < Haof,s0 x € Ho
(using the earlier observation that f is a bijection). Thus

H, < Hy if and only if H,f < Haf;

that is, f is a bijection A — B which preserves inclusions.
If K € Aand K < G, then for Nz € K/N and Ng € G/N,

(Ng)""(Nz)(Ng) = Ng 'zg € K/N,

since g~'zg € K. Thus if K < G, then Kf = K/N < G/N.
If S € Band S < G/N, let H € A be the unique subgroup of G containing N
corresponding to S; that is,

H=Sf'={xe€G|NxeS} and S=Hf=H)/N.
Let x € H and g € G. Then
Ng~'zg = (Ng)~'(Nz)(Ng) € S,

as S <G/N. We conclude g~ 'zg € H for all x € H and g € G. Thus Sf~' = H <G.
This establishes the final part of the theorem: subgroups in A which are normal in G
correspond to normal subgroups of G/N under f and vice versa. (|

Theorem 3.17 (Second Isomorphism Theorem) Let G be a group, H be a subgroup
of G and N be a normal subgroup of G. Then H NN is a normal subgroup of H, NH is

a subgroup of G and
H/(HNN)= NH/N.
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Here NH = {nh |n € N,h € H }. What the Second Isomorphism Theorem does is tell
us how normal subgroups of a group G interact with other subgroups. Note in particular,
that NH/N is a subgroup of the quotient G/N and corresponds to the subgroup NH of G
under the Correspondence Theorem. In terms of subgroup diagrams, we have:

isomorphic

PROOF: Since N < G, we can construct the quotient group G/N and the associated
natural homomorphism 7: G — G/N. Let ¢ = 7|y be the restriction of 7 to H; that is,
¢: H— G/N is the map given by

rp=xm =Nz forall x € H.

Since 7 is a homomorphism, it is immediate that ¢ is also a homomorphism. We seek now
to apply the First Isomorphism Theorem to ¢. The relevant subgroups are

kero ={ze€ H|zp=N1}
={xe€eH|Nx=N1}
={zeH|zxeN}=HNN

and
imp={Nzx|ze€H}.

Now the First Isomorphism Theorem tells us ker ¢ = H N N is a normal subgroup of H.
Also im ¢ is a subgroup of G/N and by the Correspondence Theorem it has the form
im¢ = K/N for some subgroup K with N < K < G. The proof of the Correspondence
Theorem tells us what K is:
K={geG|Ngecim¢}

={g€ G| Ng= Nh for some h € H }

={geG|gh' €N for some h € H}

={geG|ght=nforsomehec H neN}

={geG|g=nhforsomehe H ne N}

= NH.

Thus N H is a subgroup of G. Finally
H/(HNN)=H/ker¢ 2 im¢p = K/N = NH/N.
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Theorem 3.18 (Third Isomorphism Theorem) Let G be a group and let H and K
be normal subgroups of G with K < H < G. Then H/K is a normal subgroup of G/K

and
G/K

HIK >~ G/H.

If K < G, the Correspondence Theorem tells us that normal subgroups of G/K have
the form H/K where K < H < G and H < G. What the Third Isomorphism Theorem
does for us is identify the quotient of G/K by such a normal subgroup. It tells us, in
particular, that the resulting quotient group is the same as the one found by taking the
quotient of G by H. It can be represented pictorially as:

o } isomorphic { G/K
quotients

L 751 H/K

[ 74 1={K1}

ol

Proor: It follows (as discussed above) straight from the Correspondence Theorem that
H/K < G/K, but we shall deduce it from the First Isomorphism Theorem.
Define ¢: G/K — G/H by
(Kz)p = Hzx.

Since the definition of ¢ appears to depend on the choice of representative x, we must first
verify that it really is a function of the cosets.

Suppose Kz = Ky. Then zy~' € K < H, so Hx = Hy and we do indeed have
(Kz)¢p = (Ky)¢. Hence ¢ is well-defined.

Next, ¢ is a homomorphism, since

(Kz-Ky)¢ = (Kzy)p = Hry = Hx - Hy = (Kx)¢ - (Ky)¢.

Then
kerg={Kz|Hx=Hl1}={Kz|x€ H}=H/K

and
imp={Hzx|zecG}=G/H.

Now the First Isomorphism Theorem tells us that H/K < G/K and

G/K G/K _
H/K  ker¢

im¢p = G/H,

as required. I

The content of this section provides us with crucial tools that will be used throughout
this course and beyond whenever studying group theory.
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Chapter 4

Cyclic Groups

In this short chapter, we shall perform a detailed analysis of cyclic groups. We shall be
able to completely classify them up to isomorphism and provide a full description of the
subgroup structure. The fact that we can so easily perform this indicates that cyclic
groups are the most straightforward to understand. It is, however, necessary that we do
fully understand them before moving on to more complicated groups.

Recall that a group G is cyclic if G = (x) for some 2z € G. This means that the
elements of G are the powers of the element x.

Proposition 4.1 A cyclic group is abelian.

PROOF: Let G = (). If g,h € G, then g = 2™ and h = 2" for some m,n € Z. Then

gh = 22" = ™" = g"2™ = hg.

Hence G is abelian. O

We already know that every subgroup of an abelian group is normal, so this also applies
to cyclic groups. However, the most significant observation to make based on the above
proof is that in a cyclic group the multiplication is essentially determined by the addition
of the exponents. This will be a feature of our analysis in this chapter (and will stand in
sharp contrast to most other work conducted within groups).

We recall some standard examples of cyclic groups.

Example 4.2 (i) The integers under addition is an example of an infinite cyclic group:
Z = (1).

(ii) The set of complex nth roots of 1 is a multiplicative cyclic group of order n:

Cn:{erTri/n | k:07172,...,n—1}:<e2ﬂ'i/n>.

(iii) The set of integers modulo n, Z, = {0,1,2,...,n — 1}, is a group under addition
performed modulo n. It is cyclic generated by 1: Z, = (1), since

k=1+1+---+1€(1),
|

k times

for each k.
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Theorem 4.3 (i) An infinite cyclic group is isomorphic to the additive group Z.
(ii) A cyclic group of order n is isomorphic to the additive group Z,, of integers modulo n.

This theorem provides us with a complete classification of cyclic groups. It tells us,
in particular, that the multiplicative group C, is isomorphic to the additive group Z,.
In view of this theorem, we often write Cy, and C,,, respectively, to denote an arbitrary
infinite cyclic group and an arbitrary cyclic group of order n. We now know these are
essentially unique as groups.

We immediately deduce:

Corollary 4.4 Letp be a prime. Up to isomorphism, there is exactly one group of order p.

Proor: If G is a group of order p, then G is cyclic by Corollary 2.23, so G = Z, by
Theorem 4.3(ii). O

PROOF OF THEOREM 4.3: (i) Let G be an infinite cyclic group, say G = (x). Then
o(x) = oo and the powers of x are distinct. We may define a map ¢: Z — G by

ng ="
and this is now a bijection. Then
(m+n)p =2 =2Mz" = (me)(ne) for all m,n € Z.

Hence ¢ is an isomorphism and so G = Z.
(ii) Let G be cyclic of order n, say G = (z) = {1,z,2%,...,2""!}. Now define ¢: Z,, —
G by i¢ = ' and again ¢ is a bijection. As o(z) =n, if i +j = (mod n), then

(i+j)p =r¢=21"=2" =2a'a! = (i$)(jo)

and again ¢ is an isomorphism and G = Z,. ]

Subgroups of cyclic groups

Let us now attempt to describe the subgroups of a group G that is cyclic of (finite) order n.
Suppose G = (z). Any subgroup of G has order dividing n by Lagrange’s Theorem, so let
us choose a divisor d of n. Write

n =dk

for some k € Z. Consider y = 2*. The powers of this element are

k .2k fL‘3k dk n 1,

since o(z) = n. Therefore

o(y) = o(z*) = d.

So G possesses a subgroup of order d, namely (z*) = (/).

Conversely, let H be any subgroup of G. We shall show that H has the form just
described. For a start H consists of some powers of z and we note 2z =1 € H. It
therefore makes sense to define m to be the smallest positive integer such that ™ € H.
Certainly (z™) < H. Let i € Z with 2! € H. Divide i by m to obtain a quotient and
remainder:

i=qgm+r where 0 <7 < m.
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Then r =i — gm and '
" =z'(z™) 1 e H.

The minimality of m forces r = 0, so z* = x9™ = (z™)? € (2™). Thus
H = (z™)
and in particular applying the above argument to i = n (since 2 = 1 € H) tells us that

m divides n.

The powers of 2™ are therefore ™, z?™, ..., (™)™ = 2™ =1 and o(z) = n/m. This

shows that every subgroup has the form described above (namely our H is the subgroup
of order d = n/m).
We have established:

Theorem 4.5 Let G = (z) be a finite cyclic group of order n. Then
(i) every subgroup of G is cyclic;

(ii) the group G has a unique subgroup of order d for each divisor d of n, namely the
subgroup (x"/%). O

Example 4.6 Describe the subgroup structure of (i) a cyclic group of order 6, (ii) a
cyclic group of order 8.

SOLUTION: (i) Let G = (x) = Cs. Then G has a unique subgroup of each order 1, 2, 3
and 6, which are 1, (z3), (22) and G itself, respectively. Since any containment of one
of these in another requires the corresponding orders to divide, we conclude the group
structure is as follows:

(ii) Let G = (y) = Cs. Then G has a unique subgroup of each order 1, 2, 4 and 8,
namely 1, (z%), (#?) and (x). Since 2* € (z?), we deduce that there is an inclusion
(z*) < (2%). We conclude the subgroup structure is:

QG:<$>208

o1 0

The analogue of Theorem 4.5 for infinite cyclic groups is the following, which is proved
by similar arguments:
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Theorem 4.7 Let G = (z) be a cyclic group of infinite order. Then every non-trivial
subgroup of G has the form (z"™) for some positive integer m and this is the unique
subgroup of G of index m.

Proor: Omitted. See Problem Sheet IV. O
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Chapter 5

Constructing Groups

Permutation Groups

In Chapter 2, we considered subgroups and, in particular, described an algorithm for
computing the elements in the subgroup of a finite group G generated by a set X. We
applied this algorithm in the case of a collection of permutations in a symmetric group
(see Example 2.15). One natural question is whether we can build all groups in this way.
In so doing we are asking which groups arise as “permutation groups”.

A permutation group is a subgroup of some symmetric group Sx. What we shall
observe is that every group is isomorphic to a permutation group. As a consequence every
finite group can be built using our algorithm from a finite collection of permutations (at
least up to isomorphism).

Theorem 5.1 (Cayley’s Theorem) Every group G is isomorphic to a subgroup of some
symmetric group Sx (for some set X ).

PRrROOF: Let G be any group. Take X = G and so consider the symmetric group Sg
consisting of bijections G — G. If g € G, define a map

04: G =G

T = xg.
Claim: o, is a bijection.

We establish this claim by providing an inverse for o,; specifically, we shall show o1 is
the inverse of oy:
TO4041 = (mg)g*1 = :z(ggfl) =zl==x

and
x0,-104 = (zg g =z(9"'g) =21 = =.

Hence 040,-1 = 0,10, = id (the identity map G — G).
We conclude that o, € Sg for all g € G.

We may now define a map ¢: G — Sg by

9o = oy for each g € G.
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Note that
zogop = (xg)h = x(gh) = xog, for z,g,h € G,

SO
40 = Ogh for g,h € G,

that is,
(9¢)(h¢) = (gh)¢p  for g,h € G.

Thus ¢ is a homomorphism.
Now let g € ker ¢, so 0, = id, the identity map G — G. Hence

T =T04 =g for all x € G.
Taking x = 1 (the identity element of ), we see that g = 1. Hence
ker¢ = 1.

Lemma 3.12(i) now tells us that ¢ is an injective homomorphism.
Let H = im ¢, which is a subgroup of Sg. Then ¢ is a bijective homomorphism G — H,
so G = H, as required. O

Remarks

(i) If we examine the proof, we see that it shows that if G is a finite group of order n,
then G is isomorphic to a subgroup of Sg =2 S,. For example, this tells us that
As (a group of order 60) is isomorphic to a subgroup of Sgy (which is a group of
order 60! ~ 8.3 x 108!), whereas the very definition of the group concerned tells
us that As is actually a subgroup of Ss. This illustrates that although Cayley’s
Theorem tells us that every group is a subgroup of a symmetric group, this fact
alone may not help us work well with the original group nor may the proof give us
the most useful embedding. It is frequently useful to consider other ways to produce
a homomorphism G — S, to a symmetric group. The module MT582 Topics in
Groups discusses this and provides examples of how such homomorphisms may be
constructed.

(ii) The theorem does justify the interest in permutations, subgroups of S,, and our
Example 2.15 where we applied the algorithm for generating subgroups to produce
a subgroup of Sg of order 8 (which happened to be isomorphic to Qg). Actually the
subgroup is precisely the one produced from Qg via Cayley’s Theorem.

(iii) There are similar types of results for embedding in other types of groups. For
example, we can produce a matrix corresponding to a permutation o of {1,2,...,n}
and hence embed S, in GL,(F) (for any field F'). Use of Cayley’s Theorem then
shows that every finite group is a subgroup of some general linear group GL,,(F).
(See Problem Sheet V for more details.)

Direct Products

The other thing we shall do in this section is to give a construction that takes a number
of groups and produces another group. There are many examples of such constructions
in group theory and the one we give is just the most straightforward. Another more
complicated construction is described in MT5824.
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Definition 5.2 Let G and H be groups (both with multiplicatively written binary oper-
ations). The direct product of G and H is

GxH={(g;h)|geG heH}

the set of ordered pairs of an element in G and an element in H, with multipication given
by
(91, h1)(g2, h2) = (9192, h1h2).

Theorem 5.3 Let G and H be groups. Then the direct product G x H is a group and

its order is given by
G x H| = |G| |H].

PROOF: The formula for the group order is obvious. We need to verify the group axioms.

Associativity: Let (g1, h1), (g2, h2), (g3, h3) € G x H. Then

((g1, h1)(g2, h2)) (g3, h3) = (9192, h1h2) (g3, h3)
= ((9192)93, (h1h2)hs)
= (91(g293), h1(h2hs3))
= (91, 1)(9293, h2h3)
= (91, 71) (92, h2) (93, ha))-

Hence the multiplication on G x H is associative.

Identity: If (g,h) € G x H, then

(g,h)(1,1) = (g1,h1) = (g, h)

and
(1,1)(g, h) = (19, 1) = (g, h).
Hence (1,1) (= (1, 1m)) is the identity element in G x H.

Inverses: We shall show that the inverse of (g,h) is (g7, h71):

(g h) (g~ ) = (g9~ ", hh™1) = (1,1)

and
(g_lv h_l)(gv h) = (9_197 h_lh) = (17 1)
Hence (g1, h™!) is indeed the inverse of (g, h).

This completes the proof that the direct product G x H is indeed a group under the
specified multiplication. O

We have now defined the direct product of two groups G and H and established that
G x H is a group. What we should do is establish how the properties of this new group
relate to the two groups G and H that we started with.

So let G and H be any groups and consider the direct product

GxH={(g9,h)|geG, heH}
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(where we multiply the elements of G x H componentwise, as described in Definition 5.2.)
Define B )
G={(g1)]geG} and H={(h)|heH}

Also define a: G - G x H and 8: H — G x H by
ga=(g,1) and hi3 = (1,h).

If 91,92 € G, then

(g192) = (9192,1) = (91, 1) (g2, 1) = (g10)(g20).

Hence « is a homomorphism. By construction
ima={(g9,1)|ge G} =G,

so we conclude that G is a subgroup of G x H (by Lemma 3.11(ii)).
If g € ker a, then (g,1) = ga = (1,1) and so we conclude that ker « = 1. Hence « is a
bijective homomorphism from G to G, so G is a subgroup of G' x H isomorphic to G.

Theorem 5.4 Let G and H be two groups and let G x H be their direct product. Define

G={(9,1)]9geG}=Gx1 and H={(1,h)|h€eH}=1xH.

PROOF: (i), (ii) We have already shown that G is a subgroup of G x H isomorphic to G.
The same argument applied to the map [ above shows that H is a subgroup of G x H
isomorphic to H. If

(x,1) e G and (9,h) € G x H,
then

(9. h) "(2,1)(g,h) = (9" 'wg, b~ "h)

= (g tzg,1) € G.

Hence G < G x H. Similarly H < G x H.
(iii) The form of the elements in G and H guarantees that GN H = {(1,1)} = 1.
(iv) If (g9, h) € G x H, then

(9,h) = (9,1)(1,h) € GH.

T_hus G X H C GH. However, the reverse inclusion GH C G x H is obvious since
G and H are contained in the group G x H and this is closed under products. This
establishes G x H = GH. O
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Since G, H < G x H, it is natural to ask what the quotient groups are. Define

m GxH-—G p:GxH—H
(g:h) = g (9, 1) = h.

Note
((g1,h1)(g2, h2))m = (9192, hiha)T = g1g2 = (g1, h1)m - (g2, ha) .

Hence 7 is a homomorphism. It is immediate that
kerm ={(1,h) |he H}=H and imm = G.
The First Isomorphism Theorem (Theorem 3.14) now tells us that
GxH GxH .

= o =G.
H ker 7 e
A similar argument using p shows
GxH g
G

Thus:
Theorem 5.5 If G and H are any groups, then

GxH GxH

=H d ~G.
Gx1 an 1xH

In fact, the properties given in Theorem 5.4 characterise direct products.

Theorem 5.6 Let G be a group and let M and N be normal subgroups of G such that
(i) MNN=1and (ii) G=MN. Then G= M x N.

PRrROOF: Define ¢: M x N — G by

(z,y)¢ = zy.

Hypothesis (ii) tells us that ¢ is surjective.
If x € M and y € N, consider the element

x_ly_lxy.

(We shall meet such elements again later. It is called the commutator of x and y.) We
use the fact that M < G and N < G to see

ety ey =7y lay) e M and ety ey = (7 yla)y € N.
Hence
sy laye MNN =1,
so 'y~ lzy = 1. Multiplying by z and then by y on the left gives:

Ty = yr forallz € M and y € N.
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Hence, for (x1,y1), (x2,y2) € M x N, we calculate
(71,y1)0 - (T2, Y2)P = T1Y122Y2 = T1T2Y1Y2 = (T122, Y1Y2)P = ((xlvyl)(x% y2))¢-

Thus ¢ is a homomorphism.
If (z,y) € ker ¢, then 1 = (z,y)¢ = zy, so

r=y leMnNN=1

and we deduce (z,y) = (1,1) and so ker¢ = {(1,1)} = 1.
It follows that ¢ is injective and we now conclude that it is an isomorphism. Thus
G=MxN. O

We can similarly construct a direct product of many groups. We briefly summarise
the analogous definition and results.

Definition 5.7 Let G1, Ga, ..., Gi be groups. The direct product of these groups is
Gi1 X Gy x -+ x Gy, ={(x1,22,...,2%) | ; € G; for each i }
with componentwise multiplication

(xla Z2, ... ,l’k)(yl, Y2, .- 7yk‘) = (xlyla Z2y2, . - - 7$kyk)
Similar arguments (though a little more care is needed in a few places) establishes the
following two results:
Theorem 5.8 Let G1, Ga, ..., Gy be groups.
(i) The direct product D = G1 X Gy X - -+ X Gy, is a group.
(i) Gi ={(1,...,1,g,1,...,1) | g € G;} is a normal subgroup of D isomorphic to G;
for each i. (Here the element g occurs in the ith entry of the sequence.)

(iii) Gl N (Glég cee Gi—léi—o—l s Gk) =1.

(iv) D= GiGa---Ch.
Theorem 5.9 If G is a group and Ny, Ns, ..., N are normal subgroups of G such

that G = NyNy--+- Ny and N; N (NyNy---N;_1N;y1---Ng) = 1 for each i, then G =
N1 XNQX XNk.

Finally we provide another (more general) way to find normal subgroups of direct
products.
Proposition 5.10 Let G1, Go, ..., Gi be groups and N; < G; for each i. Then Ni x
NQX”-XNkQGlXGQX”'XGk and
G1XG2X--~XGk
N1 X Nog X -+ X N
PROOF: Define (;52 G1 X G2 X e X Gk — (G1/N1) X (GQ/NQ) X+ X (Gk/Nk) by
(%1,(132, e 7$k>¢ = (lela NQZ‘Q, ey kak)
It is straightforward to verify that ¢ is a homomorphism, that it is surjective and
ker ¢ = { (x1,x2,...,2k) | Njz; = N;1 for each i}
:N1 XN2><~--><Nk.

= (G1/N1) x (Ga/N2) x - -+ x (G /Ng).

The result now follows by the First Isomorphism Theorem. O

We shall use direct products in the next chapter to classify finite abelian groups.
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Chapter 6

Finite Abelian Groups

In this chapter, we shall give a complete classification of finite abelian groups. In so doing,
we shall observe how the assumption that our binary operation is commutative brings
considerable restriction and so makes abelian groups very tractible to study. We shall also
observe how useful direct products are in our classification.

Before we describe the structure of finite abelian groups, we make a number of com-
ments. The first is that when studying abelian groups it is common to use additive
notation for the binary operation rather than multiplicative. The reason for this is that
the cyclic groups Z of all integers and Z,, of integers modulo n are very important. Many
textbooks make this change in notation and some previous exam papers have followed
this convention. The author of these lecture notes has chosen, however, to continue to use
multiplicative notation so as to maintain consistency with other chapters in the lecture
course and not to introduce a whole new set of notation for everything we have covered
so far.

We recall some facts that we need:

(i) In an abelian group, every subgroup is normal (Example 3.3).

(ii) As a consequence, if H and K are subgroups of an abelian group, then HK = { hk |
h € H, k € K} is also a subgroup (Problem Sheet III, Question 3).

(iii) If z and y are elements of a finite abelian group, then = and y commute, so
o(zy) divides lem(o(z), o(y))

(Problem Sheet II, Question 5).

In our classification of finite abelian groups, the constituents will turn out to be direct
products and cyclic groups. We start by proving:

Lemma 6.1 Let m and n be coprime positive integers. Then
Con 2 C,, x C,,.

(Recall that m and n are coprime if the only positive common divisor is 1. Also
Cyn continues to denote a multiplicatively written cyclic group of order m.)

ProoOF: Let Cy, = (z) and C,, = (y). We know that the direct product Cy, x C), is a
group of order mn. Consider g = (z,y) € Cy, X C,. The kth power is given by

g = (2%, yF)
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and this equals the identity if and only if ¥ = 1 and y* = 1; that is, when m = o(z) and
n = o(y) both divide k. Since m and n are coprime, we conclude that g¥ = (1,1) if and
only if mn divides k. Thus

o(g) = mn.

Hence (g) is a subgroup of order mn. Therefore

(using Theorem 4.3 to tell us that there is a unique cyclic group of any given order up to
isomorphism). O

Repeated use of Lemma 6.1 tells us:

Corollary 6.2 Let n be a positive integer and write n = plflp§2 ...p as a product of
prime powers (where the prime numbers p1, pa, ..., p, are distinct). Then

CroZ2C s XCpy X+ xCp,.
" pll p22 pr'

O

This corollary gives some clue as to how our classification theorem works. It essentially
says that all finite abelian groups are built from cyclic groups of prime-power order using
direct products.

Theorem 6.3 (Fundamental Theorem of Finite Abelian Groups)

Any finite abelian group G is isomorphic to a direct product of cyclic groups of prime-
power order. Moreover, this decomposition is essentially unique in that any two such
decompositions for G have the same number of non-trivial factors of each order.

We already know that rearranging terms in a direct product gives an isomorphic group
(see Problem Sheet V, Question 4(a)). The uniqueness of the decomposition says precisely
that rearranging the terms in the direct decomposition is the only change that can be made.
Before proving Theorem 6.3, we give some examples of its use.

Example 6.4 (i) List the abelian group of order 16 and of order 27, up to isomorphism.

(ii) How many abelian groups of order 432 are there up to isomorphism?

SOLUTION: (i) 16 = 2%, so we need to put together cyclic groups of 2-power order. Thus
the abelian groups of order 16 are:

0167 CQ X Cg, 04 X C4, CQ X CQ X 04, CQ X CQ X Cg X 02.
The abelian groups of order 27 = 32 are:
027, Cg X Cg, Cg X 03 X 03.

(i) 432 = 2%3% = 16 x 27, so we build an abelian group of order 432 by putting
together an abelian group of order 16 and an abelian group of order 27 (both written as
direct products of cyclic groups). Hence there are

5 x 3 = 15 abelian groups of order 432.
(These are C16 X 027, Cz X Cg X C'27, ey CQ X CQ X CQ X CQ X C3 X C3 X Cg) O
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The next goal is to prove the Fundamental Theorem of Finite Abelian Groups. The
proof is reasonably complicated and the first tool we shall need is the following lemma.

Lemma 6.5 Let G = (z1,x2,...,24) be an abelian group with specified generators. If
Y= :ElfleQ .. :Cfld

with ged(ky, k2, ..., kq) =1, then there exists ya, ...,yq € G such that

G= <yay27"'ayd>'

PROOF: We proceed by induction on d. If d = 1, then k1 = £1 and (y) = (z1) = G.
If d = 2, then as ged(ky, k) = 1, there exist u,v € Z such that

uky + vky = 1.
Set y2 = x5 ". Then
xr = $¥k1+vk2 — xlll,k‘l x;l,kzx’ll)kzaj;ukg
o k1, koyu/ . v..—u\ko
= (2y'2?)" (22 ™)
_ u, ko
=y"yy" € (Y, y2)
and
X9 = xgk‘1+1)k2 —_ x’ll)kl x;kaIvklx’lQLk‘l

= (2} 25?) " (afay )™
="y ™ € (y,y0).

Since 1, 9 generate G, we conclude G' = (y, y2).
Now suppose d > 3. Let
t= ng(kl, k‘g, ey kd—l)

and m; = k;/tfori=1,2,...,d—1. Set

_.mi1_m2 mq—1

z=x{"Mwy? oy
By induction, since ged(my, me,...,mg—1) = 1 by construction, there exist ya,...,yq-1
such that

(T1,m2,. .., 24-1) = (2,42, -+, Yd—1)-
Notice
y = x’flxgg . xsd = ztxl;d

and

ng(t7 kd) = ng(kla ko,..., kd) =1
Hence by the Case d = 2, there exists y4 such that

<Zv xd> = <ya yd>'
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Now

G = (r1,T9,...,09-1,%4)
= (r1,22,...,T4-1) (xq)
= (2,92, -+, Yd—1) (Ta)
= (2,92, -+, Yd—1, Td)
= (2,2a) (Y2: - -+ Yd—1)
= (Y, ya) (Y2, -, Ya—1)
= (Y, Y2, Yd)-

This completes the induction step and hence the proof. O

We now prove the Fundamental Theorem of Finite Abelian Groups.

PrOOF OF THEOREM 6.3: Let G be a finite abelian group. We start by establishing
that G has the claimed direct product decomposition.

Claim 1: G is isomorphic to a direct product of cyclic groups of prime-power order.

Let G = (z1,%2,...,24). We proceed by induction on d. If d = 1, then G = (x1) is
cyclic and Corollary 6.2 tells us that G is a direct product of cyclic groups of prime-power
order.

So suppose d > 1. We shall also suppose that d is as small as possible amongst all
generating sets for G and, having fixed this d, that o(z1) is as small as possible amongst
all generating sets for G of size d.

Let

H = (x1) and K = (x9,x3,...,24).

Since G is abelian, H, K < G and

HK = (x1) (xa,x3,...,2q) = (x1,T2,...,24) = G.
Subclaim: G =2 H x K

Suppose H N K # 1, so there exists some non-identity element

g=a" =xy?aye .l
in HN K with 1 < m; < o(z1). Let t = ged(my, ma,...,mq) and set k; = m;/t for
1=1,2,...,d. Define
y= xl_klxg%g?’ e :cl;d.
Note by construction, ged(—k1, k2, k3, . .., kg) = 1 and Lemma 6.5 produces s, . . ., ygq such
that G = (y,y2,...,yq). Also

t _ .—m1,m2, m3 mq __
Yy =x; lxgixzo.xyt =1,

so o(y) < t < my < o(xy). This contradicts our original choice of the generating set

{.%‘1,:172, PN ,l‘d}.
Hence H N K = 1. By Theorem 5.6, this is all that remains to show G = H x K.
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Now H is cyclic, so is a direct product of cyclic groups of prime-power order by
Corollary 6.2. By induction, K is a direct product of cyclic groups of prime-power order.
Hence, putting these together, G = H x K is a product of cyclic groups of prime-power
order. This completes the proof of Claim 1, the existence of our claimed direct product
decomposition.

Claim 2: The decomposition of G into a direct product of cyclic groups of prime-power
order is essentially unique.

Let p be any prime dividing the order of G. Suppose that the largest cyclic group of
p-power order occurring in the direct product decomposition of G'is Cp: and, for ¢ =1, 2,
.., t, let a; be the number of factors occurring isomorphic to C.

Subclaim: «g, as, ..., oy are uniquely determined by G.

If the decomposition of G is
G=2Gy xGy X x Gy,
where each G; is a cyclic group of prime-power order, then an element
x = (x1,29,...,25) € G1 X Gg X - -+ X G,

has order dividing p (our fixed prime), that is P = 1, if and only if each x; has order
dividing p. For such an z, if G; has order that is not a power of p, we must select z; = 1.
If G; 2 Cym for some m, then x; must be selected from the unique subgroup of G; of
order p (see Theorem 4.5). Hence

the number of elements of order dividing pin G'is  p*1p®2 ... pH* = partoazttar

(and one of these is the identity element).

If we count the number of elements of order dividing p? in G, we can take our z; to be
any element when G; = C),, but when G = Cym for m > 2, we can take z; to be from the
unique subgroup of G; of order p?. Hence

the number of elements of order p? in G is
pocl (pZ)ocg (pZ)ag o (p2)ozt — pa1+2a2+2o¢3+--~+2at.

In general, if 1 < j < ¢, the number of elements of order dividing p’ in G is
PR () . () () . () = po e s o o

These numbers are therefore completely determined by G and so we conclude that

ay+as+ag+ -+ oy
a1 + 200 + 203+ -+ -+ 20
a1 + 2a9 +3ag+ -+ 3

a1 + 200 + 3ag + - - - + toy
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and hence, upon subtracting each sum from the subsequent sum,

ar+ar+as+ -+ oy
g o3+ oy

a3+ -+ oy

0%
are uniquely determined by G. Therefore oy, a¢_1, ..., a1 are uniquely determined by G.
This establishes the subclaim for each prime p dividing |G|, and this is enough to prove
Claim 2 and hence complete the proof of the theorem. O

To finish the section, two final comments can be made. The first is to draw attention to
the argument used in the uniqueness part of the proof. It is used in the following example.

Example 6.6 Let G = C5 x U5 X Cgas = C5 X Cx2 X Csa. Determine the number of
elements of each order in G.

SOLUTION: The identity element is the unique element of order 1. An element of order
dividing 5 has the form (z1, 22, x3) where x; is selected from the unique subgroup of order 5
in the ith factor. Hence there are

53 elements of order diving 5
and so
53 — 1 = 124 elements of order 5.

An element of order dividing 5% has the form (z1,x2,x3) where z1,x9 are arbitrary
but x3 is selected from the unique subgroup of order 52 in Css. Hence there are

5 x 52 x 52 = 5% elements of order dividing 52,
and so
5% — 53 = 3000 elements of order precisely 52.
There are 5 x 52 x 5% = 55 elements of order dividing 53, so
5% — 55 = 12500 elements of order precisely 5.
This leaves
57 — 55 = 62500 elements of order precisely 5*.
O

The second comment is that given a decomposition for an abelian group as a direct
product of cyclic groups of prime-power order, we can apply Corollary 6.2 to put the
largest factors for each prime together, and then the next largest factors, and so on. In
doing this, we can deduce the following alternative statement of the classification theorem:

Theorem 6.7 (Fundamental Theorem of Finite Abelian Group, II) Let G be a
finite abelian group. Then G can be uniquely expressed as a direct product

G = Cpy X Oy X -+ X Cpy,

where m1, ma, ..., my are positive integers such that m; dividesm;y1 fori =1,2, ..., t—1.
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Example 6.8 Consider G = Cy x Cy x C3 x Cy x Cg x Cs. Putting together the largest
factors for each prime in turn, we see:

Cy x Cg x C5 = Cigp
Cy x Oy =~ (g
C3 = (s,

SO
G = (3 x C1g x Cigo,

which is the unique form for G as described in Theorem 6.7.
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Chapter 7
Simple Groups

The process of forming a quotient group of G by a normal subgroup N can be thought
of as analogous to factorisation of integers. By using this quotient process, we move
from considering a group G to considering two smaller groups N and G/N. Provided
N # 1 and G, these are genuinely smaller than the original group G (at least in the case
when G is a finite group, where the concept of “smaller” makes some sense). There is a
class of groups therefore where quotient groups do not help us: the “simple” groups where
only trivial quotients can be formed.

Definition 7.1 A group G is called simple if it is non-trivial and its only normal sub-
groups are 1 and G.

In this section, we shall establish two classes of finite simple group.

Proposition 7.2 A cyclic group of prime order is simple.

This result is simply another variant of Corollary 2.23.

PRrROOF: Let G be a cyclic group of order p where p is prime. If H is any subgroup of G,
then |H| divides |G| = p, by Lagrange’s Theorem (2.21). Hence |H| =1 orp,so H =1
or G. So the only subgroups, and certainly then the only normal subgroups, of G are
1 and G. ([l

In fact it is quite easy to see that any abelian simple group has to be cyclic of prime
order. We leave the proof to Problem Sheet VII, but state here:

Theorem 7.3 An abelian group is simple if and only if it is cyclic of prime order.

Simplicity of the alternating groups

The main result of this section which provides us with a family of non-abelian simple
groups.

Theorem 7.4 The alternating group A, is simple for n > 5.
The structure of the proof is pretty much the standard one for proofs of simplicity:
Step 1: Find a set A of generators for the group G (see Lemma 7.5).

Step 2: Show any two elements of A are conjugate in G (see Lemma 7.6).
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Step 3: Show any non-trivial normal N of G contains an element of A (see Lemma 7.7).

We then put these together to see that any non-trivial normal subgroup N of G contains
one (by Step 3) and hence all (by Step 2) elements from A and therefore N = G (by
Step 1).

Lemma 7.5 Let n > 3. The alternating group A, is generated by its set of 3-cycles.

(We assume that n > 3 simply to ensure A, is non-trivial. When n < 2, A, is the
trivial group.)

ProOOF: First note that a 3-cycle is even, since (i j k) = (i j)(i k), a product of two
transpositions.

Let o be any element of A, that is, any even permutation of X = {1,2,...,n}. Then
o is a product of an even number of transpositions. We shall show that every product of
two transpositions is a product of 3-cycles, for it will then follow that o is also a product
of 3-cycles.

Suppose 4, j, k and £ are distinct points in X. Then

(
(i )(k €)= (i §)(i k)(i k)(k £)
= (i j k)i L k).

Thus every product of two transpositions, and hence every even permutation, is a product
of 3-cycles. Therefore the alternating group is generated by its 3-cycles. U

Lemma 7.6 Let n > 5. Then any two 3-cycles are conjugate in A,.

PROOF: Let 0 = (i1 i2 i3) and 7 = (j1 j2 j3) be arbitrary 3-cycles in A,,. Define a
permutation a by

o = ji, 20 = Ja, 1300 = J3
and completing o to a permutation of X = {1,2,...,n} by any appropriate selection of
images for the remaining points in X. Then

aloa = (i1a ira iza) =7

(see Problem Sheet III, Question 4). This shows that o and 7 are conjugate in the
symmetric group S,. If it happens that « is an element of A,, then in fact our 3-cycles
o and 7 are conjugate in A,,.

Suppose that « is an odd permutation. Since n > 5, there exist at least two points
k.l € X\ {i1,i2,i3}. Let = (k {)a € A,,. We calculate

BB =a " (k 0)(iy iy i3)(k O)a
= Ozil(il 19 ig)a

= 7'7
since (k ) commutes with (i; i9 i3). Hence o and 7 are conjugate in A,,. O

Lemma 7.7 Let n > 5 and N be a non-trivial normal subgroup of the alternating
group A,. Then N contains some 3-cycle.
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PROOF: Let o be a non-identity element in N and let us choose ¢ to be a permutation of
X ={1,2,...,n} that moves the fewest possible points amongst all non-identity elements
in N. Let r be the number of points moved by . Since ¢ cannot be a transposition
(which would be an odd permutation), we know r > 3.
Let i € X be a point that is moves by o. Choose j € X \ {i,i0,i0%} (which is possible
since n > 3). Let
a= (i ioc j) € Ay.

Then

r=a o lac = (alo )0 € N,

since N < A,,. But

r=a ! o lac

= (i j io)(ic ioc? jo)

and this is a non-identity element in N since j7 = i0? # j. The points moved by 7 are
amongst

i,io,io j, jo
which tells us that an element of N which moves the fewest points in X can move at most

five points. Thus
3<r<h.

We consider each possibility in order:

Case 1: r =05.
Then o must be a 5-cycle (as it cannot be a product of a 3-cycle and a 2-cycle), so

o= (i ioc io® io® io?).

Take j = io? in the above argument, so our element 7 is

4 2 4

7= (i it io)(ic io? i) = (i io? io?),
which moves three points. This contradicts = 5 being the fewest number of points moved

by a non-identity element of N.

Case 2: r=4.
Then o must be a product of two transpositions (as it cannot be a 4-cycle, which is
odd), so
o= (i io)(k ko)

for some i and k. Take j € X\ {i,i0,k,ko} in the above argument (which is possible since
n > 5). Then jo = j and io? =1, so

T=(i j io)(ic i j)=(i io j),

which moves three points. This contradicts 7 = 4 being the fewest number of points moved
by a non-identity element of N.
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Case 3: r=3.
It now follows that o is 3-cycle and we have established the lemma. ([l

PrROOF OF THEOREM 7.4: Let n > 5 and suppose that N is a normal subgroup of A,,.
We wish to prove N =1 or A,. If N # 1, then by Lemma 7.7, N contains some 3-cycle o.
Since N < G, it contains all conjugates o 'oa for o € A, and hence it contains all 3-cycles
by Lemma 7.6. We then apply Lemma 7.5 to conclude N = A,,.

Hence A, is simple if n > 5. O

We finish this section by briefly mentioning that one of the crowning achievements
of 20th century group theory was the completion of the Classification of Finite Simple
Groups. This very long and difficult theorem, proved between the 1950s and the 1980s
and featuring the efforts of many mathematicians, specifies a complete list of all the
finite simple groups. It states that a finite simple group is either cyclic of prime order,
an alternating group of degree n > 5, a group of Lie type (essentially constructed via
matrices in a specific manner), or one of 26 so-called sporadic simple groups. The largest
of the sporadic simple groups is called the Monster and it has order

808017424794 512 875 886 459 904 961 710 757 005 754 368 000 000 000.
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Chapter 8

Further Tools: The centre,
commutators and conjugation

In this chapter, we develop a number of tools which are useful when making further
progress in group theory. We shall use them in the remaining chapters of the course.
They all relate in some way to the extent to which elements of a group do or do not
commute.

The centre

Definition 8.1 Let G be any group. The centre of G is denoted by Z(G) and is defined
by
Z(G)={xeG|lazg=gxforal ge G}.

Thus the centre of G consists of all those elements of G which commute with every
element of G.

Theorem 8.2 Let G be any group.
(i) The centre Z(G) is a normal subgroup of G.
(ii) G is abelian if and only if Z(G) = G.
PROOF: (i) We first show that Z(G) is a subgroup of G. First
lg=9g=g1 for all g € G,
so 1 € Z(G). If x,y € Z(Q), then
TYg = TGy = gry for all g € G,
so xy € Z(G). Multiplying the equation xg = gz on the left and on the right by 2~! gives
gr t =271y for all g € G,

so 7! € Z(@G). Hence Z(G) is a subgroup of G.
Finally if € Z(G) and g € G, then

g lzg=g gz =1z =2 € Z(G).

Thus Z(G) < G.
(ii) is immediate from the definition. O
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Example 8.3 Consider the quaternion group Qg = {£1, £i, +j, £k}. We calculate
(-1)i= —i= (1),
etc., and so deduce —1 € Z(Qg). Certainly 1 € Z(Qg). However
ij=k and  ji=—k#ij,

so 4,j & Z(Qg). Similar calculations apply to the other elements of order 4 in Qg, so we
conclude

Z(Qg) = {1} = (=1).

Commutators and the derived subgroup

Definition 8.4 Let G be any group. If x and y are elements of GG, the commutator of
x and y is
[z, y] = &~y ey,

The derived subgroup of G is denoted by G’ and is defined to be the subgroup generated
by all the commutators in G:

G'=([z,y] |2,y € G).

Remark: Observe

1 1

2,y = (a7 tay) T =y ey = [y, 2,

so the inverse of a commutator is again a commutator. However, the product of two
commutators need not be a commutator, though finding an example of a group where this
happens is rather tricky. The smallest finite group where the derived subgroup and the
set of commutators are different has order 96. However, note that as a consequence, in
general, the elements of the derived subgroup are products of commutators.
By definition
ry = yzx [z,y],

so [z,y] = 1 if and only if zy = yx. In this sense commutators measure “by how much”
two elements fail to commute. Hence:

Lemma 8.5 Let G be a group. Ifz,y € G, then [x,y] = 1 if and only if v and y commute.
In particular, G’ = 1 if and only if G is abelian. O

The process of determining the derived subgroup can appear at first sight to be some-
what cumbersome. Calculating all commutators and then calculating the subgroup they
generated appears to be a rather time-consuming process. Fortunately the following char-
acterisation is very useful in enabling us to find the derived subgroup.

Theorem 8.6 Let G be a group. The derived subgroup of G is the smallest normal
subgroup N of G such that the quotient group G/N is abelian.

This is “smallest” in the sense that if N is any normal subgroup such that the quo-
tient G/N is abelian, then G’ < N.
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PRrROOF: We must first verify that G’ satisfies the stated property. First, by definition,
G’ is a subgroup of G. Let us show that G’ is a normal subgroup of G. If z,y, g € G, then

1 1

g e ylg=g a7y ayg
=(g 'z "9) gy 9) (g 2g) (g " yg)
= g tyg) g g) (9 g)

So any conjugate of a commutator is also a commutator. Now if z € G’, write z =
ci1cg ... ¢k as a product of commutators. Then

g 'zg=(9""c19)(g7  ea9) ... (9 erg)

is also a product of commutators (from what we have just observed), so we conclude
g 'zg € G’ whenever z € G’ and g € G. Thus G/ < G.

We now show that G/G’ is abelian. Consider the product of two cosets G’z and G’y
in this quotient group:

(G'2)(G'y) = G'zy and (G'y)(G'x) = G'yx.

Now
(zy)(yz) 't =ayaly T =27y €@,
so G'zy = G'yx. Hence

(G'2)(G'y) = (G'y)(G'z) for all x,y € G

and we conclude G/G’ is abelian.
Now suppose N is any normal subgroup of G such that G/N is abelian. If z,y € G,
then
N(z,y] = Na~ly~ 'y = (Nz) "' (Ny) "' (Nz)(Ny) = N1,

since we can rearrange the terms in the above product as G/N is abelian. Hence [z,y] € N
for all z,y € G. Tt follows that G’, the subgroup generated by all such commutators, is
contained in V. O

Example 8.7 Consider the quaternion group Qg. In Question 8 on Problem Sheet 111 we
showed that N = (—1) < Qg and

Qs/(—1) = Vi,

which is an abelian group. Hence by Theorem 8.6,

But |(—1)|] = 2, so there remain only two possibilities Q4 = 1 or (—1). However, Qg is
non-abelian, so Q5 # 1. Therefore
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Soluble groups
If G is any group, we can repeatedly take derived subgroups:
G =@, % = (@Y, G® = (a@y,

A group G is called soluble if G = 1 for some n. The idea here is that the group G has
a chain of subgroups
G>GW>G@>...>q =1

and, by Theorem 8.6, each quotient G() / GU+Y ig abelian. Thus G is built, in some sense,
from abelian groups and it turns out that these soluble groups have a more tractible
structure than arbitrary groups. They are considered in more detail in MT5824 Topics in
Groups.

Conjugacy classes

We now wish to study the conjugation property that has already arisen in the context of
normal subgroups.

Definition 8.8 Let G be a group. Two elements x and y are said to be conjugate in G
if there exists g € G such that y = g~ lzg.

Theorem 8.9 Let G be a group. Define a relation ~ on G by
T~y if and only if y = g lag for some g € G.
Then ~ is an equivalence relation on G.

PROOF: We check the conditions for an equivalence relation:

Reflexivity: If 2 € G, then z = 1721, so  ~ 2. Hence ~ is reflexive.

1

Symmetry: Let z,y € G and suppose x ~ y. Then y = g~ xg for some g € G. Then

r=gyg ' = (¢ 'yg!, so y ~ z. Hence ~ is symmetric.

1

Transitivity: Let x,y,z € G and suppose z ~ y and y ~ z. Then y = g7 xg and

z = h~yh for some g, h € G. Then
z=h"'yh =h~'g 'agh = (gh) 'z(gh)
and so = ~ z. Hence ~ is transitive.

This establishes that the relation of being conjugate is an equivalence relation on G.
O

The standard facts about equivalence relations can be applied to conjugacy: specif-
ically, that the group G is the disjoint union of the equivalence classes. We give the
following name to the equivalence classes:
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Definition 8.10 Let G be a group and z be an element of G. The conjugacy class of x
in G is the ~-equivalence class of x, that is,

{yeGly~a}={g 'zglgeG},

the set of all conjugates of z in G.

Example 8.11 (i) In an abelian group G, g~ 'zg = g 'gx = x, so two elements = and y
in G are conjugate if and only if x = y. So the conjugacy classes in an abelian group
are singletons {z} as x ranges over G.

(ii) In Question 4 on Problem Sheet III, we observed that two permutations o and 7
in S, are conjugate if and only if they have the same structure when factorised into
products of disjoint cycles. So this cycle structure determines the conjugacy classes
in S,,.

In particular, the conjugacy classes in Sy are:

e the identity element,

the transpositions,

the 3-cycles,

the 4-cycles,
e the permutations of the form (i j)(k ¢).

(iii) In any group, g~'1g = 1, so the identity element always forms a conjugacy class on
its own.

Proposition 8.12 A subgroup N of a group G is normal if and only if it is a union of
conjugacy classes.

PROOF: As N is a subgroup by assumption, it is normal if and only if it contains every
conjugate of its elements, that is, if and only if it contains the whole conjugacy classes of
every element. O
Centralisers
To describe the size of a conjugacy class, we make use of the following;:
Definition 8.13 Let G be a group and x € G. The centraliser of x in G is

Calr) ={geCG|zg=gzx},
the set of all elements in G that commute with x.

Lemma 8.14 Let G be a group and x € G. The centraliser Cg(x) of x is a subgroup
of G. It always contains the element x.

PrOOF: From zl = x = lz, we conclude 1 € Cg(z). We can also use the equation
xx = xx to conclude x € Cg(x), which is the last assertion. Both facts ensure that
Cg(z) is non-empty.
If g,h € Cg(x), then
xgh = gxh = ghx
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1 1

so gh € Cg(z). Also multiplying zg = gz on both sides by g~! gives g7'z = 2g7!, so

gil S Cg(x).
Hence Cg(z) is a subgroup of G. O

The following theorem then contains all the basic information we require concerning
conjugacy classes:
Theorem 8.15 Let G be a group.

(i) G is the disjoint union of its conjugacy classes.

(ii) If z € G, there is a bijection between the conjugacy class of x and the cosets of the
centraliser Cg(z). Thus the number of conjugates of x equals the index |G : Cg(z)].

PRrROOF: (i) We have already established this is true (it follows from Theorem 8.9).
(ii) Define a map ¢ from the set of cosets of Cg(z) to the conjugacy class of = by

¢: Ca(x)g g~ ag.
First note that if Cg(z)g = Cg(x)h, then gh~! € Cg(x), so
zgh™t = gh 'z

1

and multiplying on the left by ¢~ and on the right by h gives

g lexg=h"tzh.
Hence ¢ is well-defined.

Clearly ¢ is surjective: the conjugate g~ 'xg is the image of the coset Cg(z)g under ¢.
Finally suppose (Cg(x)g)¢p = (Cq(x)h)¢; that is,

1

g lexg =h"tzh.
Hence zgh™! = gh~ 'z, so gh~' € Cg(x) and therefore Cg(x)g = Cg(x)h. This shows
that ¢ is injective.
We have shown that ¢ is indeed a bijection from the set of cosets of C(z) to the set of

conjugates of x (that is, the conjugacy class of x). In particular, the number of conjugates
of z equals the index |G : Cg(z)]. O

Lemma 8.16 An element x lies in a conjugacy class of size 1 if and only if x € Z(G).

PROOF: An element x has one conjugate if and only if g 'zg = « for all g € G; that is,

xg = gx for all g € G that is, x € Z(G). O

Now consider an arbitrary finite group G. Suppose that %, %2, ..., %, are the
conjugacy classes of G. Let us suppose that 6%y1, ..., G, are the conjugacy classes of
size 1, so

Crr1 U UG =7Z(G)
by Lemma 8.16. For i =1, 2, ..., k, pick an element z; in ;. Theorem 8.15(ii) tells us
€l = |G : Ca(xi)l.
Moreover, Theorem 8.15(i) says that G is the disjoint union of its conjugacy classes, so
G| =G|+ G|+ +[Chl + [Chsa] + - + [0
k
= |G : Calxi)| +1Z(G)].

i=1
Thus we have established:
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Theorem 8.17 (Class Equation) Let G be a finite group. Suppose that €, 6a, . .., €k
are the conjugacy classes of size > 2 and that x; is an element of €; fori =1, 2, ..., k.
Then

k
Gl = 1Z(G)| + |G : Calai)].

i=1

Conjugation of subgroups

We finish this chapter by considering how conjugation affects subgroups of a group.
First fix a group G and an element g € G. Let 7,: G — G denote the map

Tg: T+ g_lxg
(that is, 74 is the effect of conjugating by g).

Lemma 8.18 If G is a group and g € G, the map 7,: G — G, given by 74:  — g 'zg,
is a bijective homomorphism (that is, 74 is an isomorphism G — G).

We give a special name to this sort of isomorphism.

Definition 8.19 Let G be a group. A map ¢: G — G that is an isomorphism is called
an automorphism of G.

If g € G, the automorphism 7, given by 7: = +— g~
of G.

Lzg is called an inner automorphism

Proor or LEMMA 8.18: We first show that 7, is a homomorphism:

(zy)mg = 9 'zyg = (97 '2g) (9 'yg) = (x7y)(y7y)  forallz,y € G.

Then we show that 7, is bijective by showing it is invertible:

1Ty = g(g '2g)g T = g9 tagg T =2

and

17Ty =g '(gzg g ==

for all z € G. Hence 7,7,-1 = 7,174 = id, the identity map G — G. Hence 7 is invertible;
that is, it is a bijection. O

The crucial point about automorphisms is not that they tell us that G is isomorphic
to G (which is, after all, obvious). Instead, applying an automorphism preserves all the
structure present in the original group. In particular, an automorphism ¢ of G maps a
subgroup H to a subgroup H¢ (see Lemma 3.11(ii)) and ¢ induces a bijective homomor-
phism from H to H¢. Hence H¢ is a subgroup of G that is isomorphic to the original
subgroup H.

Specialising to our inner automorphism 74, we conclude:

Corollary 8.20 Let G be a group, g € G and H be a subgroup of G. Then the conjugate
g 'Hg={g 'hg|he H}

is a subgroup of G that is isomorphic to H. O
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Normalisers

We finish by describing how many conjugates a subgroup has, using a tool very similar to
the centraliser (which was defined in Definition 8.13).

Definition 8.21 Let G be a group and H be a subgroup of G. The normaliser of H in G
is
Ng(H)={geG|g 'Hg=H}.

Theorem 8.22 Let G be a group and H be a subgroup of G.

(i) The normaliser N(H) is a subgroup of G.

(ii) H is contained in Ng(H).
(ili) H < G if and only if Ng(H) = G.

)

The number of conjugates of H in G equals the index |G : Ng(H)| of the normaliser
of H.

(iv

PRrOOF: (i) First note that
1'H1={17'h1 |he H} = H,
so 1 € Ng(H). Now let g,h € Ng(H). Then
(gh)~"H(gh) = h~'(g""Hg)h = h~"Hh = H,

since g"'Hg = h™'Hh = H, and therefore gh € Ng(H). Also conjugating the equation
H =g 'Hgby g ! gives
gHg™' =g(g~'Hg)g™" = H,

so g~! € Ng(H). Thus Ng(H) is a subgroup of G.

(ii) If h € H, then h"*Hh < H, since H is a subgroup so closed under products and
inverses. Equally hHh™' < H and conjugating by h now yields H < h™'Hh. Hence
h~'Hh = H for all h € H and therefore h € Ng(H) for all h € H.

(iii) This follows almost immediately from the definitions; note that H < G if and only
if g7'Hg = H for all g € G, as observed in Question 1 on Problem Sheet III.

(iv) Define a map ¢ from the set of cosets of Ng(H) to the set of conjugates of H by

¢: Ng(H)g — g~ Hg.
Now
Ng(H)g =Ng(H)h  ifand only if  gh™' € Ng(H)
if and only if (gh"H'H(gh ™YY =H
if and only if hg 'Hgh™' = H
and applying the bijection 75, (conjugating by h) to the last equation, we conclude
Ng(H)g=Ng(H)h  ifand only if g 'Hg=h"'Hh.

Thus ¢ is both well-defined and injective. It is obvious that ¢ is surjective.
Hence ¢ is a bijection and we conclude that the number of conjugates of H equals the
number of cosets of Ng(H), that is, the index |G : Ng(H)]. O
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Example 8.23 (i) Consider the dihedral group of order 8, Dg = («, ), where a =

(1234)and 8 = (24), with a* =1, 2 =1 and Ba = a~ '3 (as described in
Theorem 2.17). We know that a subgroup of order 1, 4 or 8 is normal in Dg (since
a subgroup of index 2 is always normal), so we shall concentrate on some of the
subgroups of order 2. These are cyclic generated by one of the (five) elements of
order 2 in Dg.

Consider first K = (a?) = {1,a?}. We calculate
o 'Ka={a a0 d?a} = {1,0*} = K
and, since B~ 1a?B = (24)(13)(24)(24) = (1 3)(24) = a?,
BEB={1,0%} = K.

Hence a, € Np,(K). Since a and 3 generate Dg and the normaliser is a subgroup,

we conclude that
Npy(K) = Dg

and hence K < Dg.

Now consider H = (8) = {1, 8}. We know that H < Np,(H) and as 7 1a?8 = o?,

we see o and 8 commute, so

(o®)"'Ho? = {1,5} = H.

On the other hand,
a la=a"2=0a?B¢H.

This tells us (3,a?) < Np,(H) < Ds. As subgroups of Dg have order dividing 8, we
conclude
Np(H) = (8,0%) ={1,8,0% o}.

It follows that H = (/) has two conjugates in Dg (as |Dg : Np,(H)| = 2), and these
are H and o 'Ha = {1,028} = (a?p).

Dg = (a, ) is a subgroup of Sy, by its construction. The elements of Dg are

Ds={1,(1234),(13)(24),(1432),
(24),(14)(23),(13),(12)(34)}.

Now (12)71(13)(12) = (23) & Ds, so (12) €Ng,(Ds). We therefore deduce
Dg < Ng,(Dg) < S84,
so Ng, (Ds) is a proper subgroup whose order is divisible by 8. Therefore
Ng,(Dg) = Dg

and Dg has |Sy : Dg| = 3 conjugates in Sy.
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Chapter 9

Sylow’s Theorem

One tool that has been applied throughout the course is Lagrange’s Theorem (2.21).
However, the information it tells us (that the orders of subgroups, and hence also of
elements, divides the order of a finite group) mostly tells us about the non-existence of
subgroups or at best restrictions upon their existence. It does not provide us with the
existence of any subgroups. Indeed we know that the alternating group A4 of degree 4
(of order 12) does not have a subgroup of order 6 (see Question 8 on Problem Sheet III),
so there is no direct converse to Lagrange’s Theorem. The purpose of this chapter is to
provide a partial converse, but this is still a very strong result that has had profound
impact on the study of group theory.

Definition 9.1 Let p be a prime number. A finite group is called a p-group if its order
is a power of p.
A subgroup of a finite group is a p-subgroup if its order is a power of p.

So a p-subgroup of G is a subgroup that happens to be a p-group.

We are interested in a very special type of p-subgroup:
Definition 9.2 Let p be a prime number. Let G be a finite group and suppose |G| = p"m
where p does not divide m. A Sylow p-subgroup of G is a subgroup of order p™.

So a Sylow p-subgroup of G is a p-subgroup whose order is the largest power of p
that divides |G|. Of course, Lagrange’s Theorem tells us that there cannot be any larger
p-subgroup of G.

Example 9.3 (i) |S4| = 24 = 23-3. A Sylow 2-subgroup of S; would be a subgroup of
order 23 = 8, so the dihedral group Dg of order 8 is an example of a Sylow 2-subgroup
of 54.

A Sylow 3-subgroup of Sy, would be a subgroup of order 3, so ((1 2 3)) is an example
of a Sylow 3-subgroup of Sjy.

(ii) |A5| =60 =2%.3-5. The subgroup
H={1,(12)(34),(13)(24),(14)(23)} = Vj

is a Sylow 2-subgroup of As, ((1 2 3)) is a Sylow 3-subgroups of A5, and ((12 3 4 5)) is
a Sylow 5-subgroup of As.
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(iii) |Ag| = 360 = 23 - 32 .5. The subgroup
(123),(456)) = Cy x Cy
is a Sylow 3-subgroup of Ag.

Theorem 9.4 (Sylow’s Theorem) Let p be a prime number and G be a finite group
of order p™m where p does not divide m. Then

(i) G has a Sylow p-subgroup;
(ii) any two Sylow p-subgroups of G are conjugate;
(iii) the number of Sylow p-subgroups of G is congruent to 1 (mod p) and divides m;
)

(iv) any p-subgroup of G is contained in a Sylow p-subgroup.

Remarks If P is a Sylow p-subgroup of G and g € G, then the conjugate g~'Pg is
also a subgroup of G and, since the conjugation map = +— g~ 'zg is a bijection, we know
|g1Pg| = |P|. Thus g~!Pyg is also a Sylow p-subgroup. Part (ii) of Sylow’s Theorem tells
us that every Sylow p-subgroup of GG arises in this manner.

The first half of part (iii) of the theorem says that the total number of Sylow p-subgroups
in G has the form 1 + kp for some k > 0.

We shall now embark on the lengthy process of proving the theorem. We shall then
see many ways in which Sylow’s Theorem can be used.

PRrROOF: (i) We proceed by induction on |G|.

If p™ = 1, then the trivial subgroup is the required Sylow p-subgroup. In particular,
this deals with the case when |G| =1, for then n =0, p" =1 and m = 1.

Now suppose that |G| > 1 and that all finite groups of smaller order possess Sylow
p-subgroups. We can moreover assume that p” > 1. We apply the Class Equation (The-
orem 8.17). Let 61, 62, ..., € be the conjugacy classes of size greater than 1 and let
x; € ¢6; for each 7. Then

€| = |G : Ca(xi)| > 1

(by Theorem 8.15(ii)), so |Cq(z;)| < |G| and

k
|Gl = 1Z(G)| + |G : Calas)]. (9.1)

i=1

If p™ divides one of |Cg(z;)|, then by induction Cg(x;) contains a subgroup of order p™
and this is then a Sylow p-subgroup of G.

Otherwise p" does not divide any of the |C(z;)| and hence (using the fact that p™ > 1)
p divides the index |G : Cg(z;)| for 1 < i < k. It then follows from Equation (9.1) that
p divides |Z(G)|. Now the centre Z(G) consists of those elements of G which commute with
all elements of G, so in particular Z(G) is an abelian group. The Fundamental Theorem
of Finite Abelian Groups (6.3) tells us that Z(G) is a direct product of cyclic groups and
so, as p divides |Z(G)|, there is at least one cyclic group of p-power order and hence,
upon taking a generator for the unique subgroup of order p, we see that Z(G) contains an
element g of order p.

70



Let N = (g). Since N < Z(G), then N < G (see Question 1 on Problem Sheet VIII).
As |N| = o(g) = p, the quotient group G/N has order p"~'m. By induction, G/N has a
Sylow p-subgroup and this has order p"~!. By the Correspondence Theorem, this Sylow
p-subgroup has the form H/N where H is a subgroup of G with N < H < G. As

[H/N|=p"""  and  [N|=p,

we conclude |H| = p™ and so H is a Sylow p-subgroup of G.
This completes the induction step and hence part (i) of Sylow’s Theorem is established.

To establish parts (ii)—(iv) of Sylow’s Theorem, we shall need a number of intermediate
results.

Lemma 9.5 Let p be a prime number, P be a Sylow p-subgroup of a finite group G and
Q@ be any p-subgroup of G. Then

Q < Ng(P) if and only if @ < P.
Recall that the normaliser Ng(P) is the set of all x € G such that 7' Pz = P.

PROOF: Since P < Ng(P), if @ < P then certainly Q < Ng(P).

Conversely, suppose Q@ < Ng(P). Since z7 1Pz = P for all z € Ng(P), by definition,
this means P < Ng(P). We may now apply the Second Isomorphism Theorem to the
normal subgroup P and the subgroup @ of Ng(P): it tells us that PNQ < Q, PQ <G
and

PQ/P=Q/(PNQ).
Since @ is a p-group, we conclude |PQ/P| is a power of p. As |P| is a power of p, it
follows that |PQ)| is a power of p; that is, PQ is a p-subgroup of G. But as P < PQ and

P is a Sylow p-subgroup (a p-subgroup of largest possible order), we conclude PQ = P.
Therefore

Q< PQ=P
O

Lemma 9.6 Let G be a group and H and K be subgroups of G. Then the number of
conjugates of H of the form x 'Hx where v € K equals |K : K " Ng(H)|.

This lemma is simply a variant of Theorem 8.22(iv). Indeed that result can be retrieved
from this lemma by taking K = G. We merely give a sketch proof since it is basically the
same as that part of the theorem.

Proor: If xz,y € K, then

yr *Hay ' =H

(zy ) 'H(zy™')=H

zy~" € Ng(H)
zy~t € KNNg(H)

(KN Ng(H))x = (KN Na(H))y,

' He =y 'Hy

[

and it follows
(KNNg(H))x — z 'Ha

is a bijection from the cosets of K N Ng(H) in K to the set of conjugates x—!Hx with
x e K. O
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We have established that our finite group G (of order p™m where p does not divide m)
has at least one Sylow p-subgroup P (of order p™). Let

S={g'Pg|lgeG},

the set of all conjugates of P in GG. This consists of some of the Sylow p-subgroups of G.
In establishing part (ii) of Sylow’s Theorem, we shall show that it is, in fact, the set of all
the Sylow p-subgroups of G. Most of parts (ii)—(iv) are established by the same method,
which we shall now describe.

Method: Let Q be any p-subgroup of G. If R € X, let
Tr={2z'Re|zecQ}CY,
the set of conjugates of R by elements of (). Then Lemma 9.6 says
Trl=1Q : QN Ne(R)|. (9.2)

Note that |[I'r| = 1 if and only if @ " Ng(R) = Q; that is, Q@ < Ng(R). Since R is a Sylow
p-subgroup of G, Lemma 9.5 tells us that [T'g| = 1 if and only if @ < R. Since |Q] is a
power of p, we may therefore record the following;:

Observation 1: For any p-subgroup @ of G, |I'g| is a power of p and it equals 1 if and
only if Q@ < R.

Claim: If R,S € X, then either ' =T'sorI'pNI'g = @.

Suppose ' NT's # @. This means 2 'Rr = y 1Sy for some z,y € Q. Then
R = zy 'Syz~! and if z € Q, then

1

2 'Rz =z lay 1Syx e = (yxl2) 1S (yat2) € T,

It follows that I'r C I'g and therefore, by symmetry, the two sets of conjugates are equal:
I'r="T%g.

We can therefore partition X into the sets I'g for various R € X, so we record:

Observation 2: For each p-subgroup Q) of G, there exist Ry, Ro, ..., R € X such that
> is the disjoint union
Y =TIg, Ulg, U-"UFRk.

We now apply these observations for various choices of Q.

Application 1: Take Q = P (our original Sylow p-subgroup). Since each member of 3
has order p™, precisely one of them contains P, namely P itself. Hence, by Observation 1,
there is a single choice of R such that |[I'r| = 1 and for all other choices of R, |[I'g| is a
power of p. Therefore when we partition X as

Y=Tpg Ul U---UTlg,,
exactly one of the sets has size 1 and the others have order divisible by p, so
3] =Tr, |+ [Try| + -+ [T, | =1+mp
for some m. Thus |X| =1 (mod p).
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Application 2: Take ) to be any Sylow p-subgroup of G. There exist Ry, Ra, ..., Rg
(depending on @) such that

E:FRl UPRQU"'UFRkv
a disjoint union, and hence
Tr [+ TRyl + -+ + TR =[E[=1 (mod p).

Therefore some |I'g,| is not divisible by p and so, by Observation 1, |I'g,| = 1 and @ < R;.
But @ and R; are Sylow p-subgroups of G, that is, |Q| = p"™ = | R;|, so we conclude

Q =R, e
Hence
every Sylow p-subgroup of G is a conjugate of P;

that is, part (ii) of Sylow’s Theorem holds.

This tells us that X is the set of all Sylow p-subgroups of G. As we have shown |X| =1
(mod p) (in Application 1), we have shown that the number of Sylow p-subgroups of G is
congruent to 1 (mod p).

Also, by Theorem 8.22(iv),

GI/|P| G : P m

M= NP = R PP~ Ne(P) Pl ~ Na(P) < P

Hence the number of Sylow p-subgroups of G divides m.
Thus part (iii) of Sylow’s Theorem holds.

Application 3: Now take @ to be any p-subgroup of G' (not necessarily a Sylow sub-
group). There exist Ry, Ro, ..., Ry such that we have a disjoint union

E:FRlUFRQU-“UFRk.

Since |X| =1 (mod p), as least one |I'g,| is not divisible by p. Therefore, by Observation 1,
@ < R; for this value of ¢. Thus, @ is contained in the Sylow p-subgroup R;, which
establishes part (iv) of Sylow’s Theorem.

This completes the proof of the theorem. O

We shall now illustrate some applications of Sylow’s Theorem. Note that if a group G
has a unique Sylow p-subgroup P, then

r 'Pr="r forallz € G

and therefore
P <G.

Thus one common application of Sylow’s Theorem is to find normal subgroups and hence
show that certain types of group are not simple.

Example 9.7 Show that there is no simple group of order 40.
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SOLUTION: Let G be a group of order 40 = 23 . 5. The number of Sylow 5-subgroups of G
is congruent to 1 (mod 5) and divides 8. Hence there is one Sylow 5-subgroup in G and
this is therefore a normal subgroup of G of order 5. Hence G is not simple. U

Example 9.8 Show that there is no simple group of order 70.

SOLUTION: Let G be a group of order 70 = 2-5-7. The number of Sylow 5-subgroups
of G is congruent to 1 (mod 5) and divides 14. Hence there is one Sylow 5-subgroup in G.
In the same way, the number of Sylow 7-subgroups of G is congruent to 1 (mod 7) and
divides 10. Hence there is one Sylow 7-subgroup in G.
Thus G has both a normal subgroup of order 5 and a normal subgroup of order 7. We
conclude that G is not simple. U

Example 9.9 Show that there is no simple group of order 56.

SOLUTION: Let G be a group of order 56 = 23 - 7. Let no and n7 denote the number of
Sylow 2-subgroups and the number of Sylow 7-subgroups of G, respectively.

Sylow’s Theorem tells us that n; = 1 (mod 7) and that n; divides 8. Hence there
are two possibilities: either ny = 1 or ny = 8. If ny = 1, then there is a unique Sylow
7-subgroup and this is a normal subgroup of order 7. In this case, G is not simple.

Suppose then that ny; = 8. Let Sy, So, ..., Ss denote the eight Sylow 7-subgroups.
Note that each S; contains the identity element and six elements of order 7 (since S; = C7).
Now if i # j, the intersection S;NS; is a proper subgroup of both S; and S, and Lagrange’s
Theorem tells us that S; NS; = 1.

Hence each S; contains six elements of order 7 that lie in no other Sylow 7-subgroup
of G and we conclude that between them the eight Sylow 7-subgroups contain 8 x 6 =
48 elements of order 7.

There are only 8 remaining elements in G which do not have order 7 (including the
identity element in these eight) and any Sylow 2-subgroup must therefore consist of some
of these eight elements not of order 7. However, a Sylow 2-subgroup of G has order 2% = 8
and we therefore conclude that there is exactly one Sylow 2-subgroup of G consisting of
these eight elements. Hence, if n7 = 8, then no = 1 and G has a normal subgroup of
order 8.

Thus in either case, G is not simple. U

Example 9.10 For each prime p dividing 60, determine the number of Sylow p-subgroups
of the alternating group As of degree 5.

SOLUTION: |As| = 60 = 223 -5. Let na, n3 and n5 denote the number of Sylow 2-, 3- and
5-subgroups in As. Then

ny =1 (mod 2), ny | 15
ny3 =1 (mod 3), n3 | 20
ns =1 (mod 5), ns | 12.

Hence

ne=1,3,50r 15
ng =1,4 or 10

ns = 1 or 6.

Since As is simple, none of the Sylow subgroups can be normal in A5 and so we conclude
n, # 1 for p =2, 3 and 5. Hence
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there are six Sylow 5-subgroups in As.

For the others, recall that if P is a Sylow p-subgroup of a group G, then the set of all
Sylow p-subgroups is the set of conjugates of P and hence the number of them equals the
index of the normaliser Ng(P).

In Example 9.3(ii), we showed that

H=1{1,(12)(34),(13)(24),(14)(23)}

is a Sylow 2-subgroup of As. Now we know H < A4, so the normaliser N 4, (H) contains Ay.
Thus 1 < |As : Na (H)| < 5. But Question 3(c) on Problem Sheet VII tells us that As
has no proper subgroup of index less than 5. Hence

ng = |As : Na, (H)| = 5;
that is,
there are five Sylow 2-subgroups in As.
Similarly, if T'= ((1 2 3)), then |A5 : N4, (T')| # 4, and therefore
n3 = |As : Na, (T)| = 10;
that is,

there are ten Sylow 3-subgroups in As.
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Chapter 10

Classification of Groups of Small
Order

We finish the course by applying the methods we have developed to provide a classification
or groups of small order. We intend to specify a list of groups of order n such that every
group of order n is isomorphic to one on the list. We do this for 1 < n < 15.

A group of order 1 is trivial.

Up to isomorphism there is one group of order 1.

Corollary 2.23 tells us:
If p is prime, then any group of order p is isomorphic to Cp, a cyclic group of
order p.

Up to isomorphism there is one group of order p.

This deals with groups of order 2, 3, 5, 7, 11, 13, ....

Groups of order p?

Lemma 10.1 Let G be a group such that G/Z(G) is cyclic. Then G is abelian.

PRrROOF: Suppose G/Z(G) = (Z(G)z) for some x € G. Then, as G is the union of the
cosets of Z(G),

G =] z@G)am

ne”

so every element of G has the form zz" for some z € Z(G) and n € Z. Thus
G = (2(G),z).

Consider the centraliser Cg(z). Certainly x commutes with itself, while, by definition,
every element of Z(G) commutes with every element in G and so in particular with x.
Thus

Z(G) < Cg(x) and z € Cg(x),

G = (Z(Q),z) < Ca(z).
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Hence every element of G commutes with z, so € Z(G). Therefore
G = (Z(G),z) = Z(G)
and so G is abelian. O

Theorem 10.2 Let p be prime. Any group of order p? is abelian and so is isomorphic to
Cp2 or Cp x Cy.

PROOF: Let G be a group of order p?. It then follows from the Class Equation that, since
G is a p-group, then Z(G) # 1 (see Question 11 on Problem Sheet VIII). Hence either

|Z(G)] = p or p.

But if |G/Z(G)| = p, then G/Z(G) is cyclic, so G = Z(G), contrary to assumption.
Therefore |Z(G)| = p? and G = Z(G) is abelian. Therefore, by the Fundamental Theorem
of Finite Abelian Groups, either

G=Cp or G=C,xCp

In conclusion,
Up to isomorphism there are two groups of order p* (for p prime).

This deals with groups of order 4, 9, 25, .. ..

Groups of order 2p

Let p be an odd prime and consider groups of order 2p. By the Fundamental Theorem of
Finite Abelian Groups, an abelian group of order 2p is isomorphic to

CQ X Cp = Cgp.

Theorem 10.3 Let G' be a group of order 2p where p is an odd prime. Then G = Cy,
or Dg,, depending upon whether G is abelian or non-abelian.

PROOF: The number of Sylow p-subgroups of G is congruent to 1 (mod p) and divides 2.
Therefore G has precisely one Sylow p-subgroup P. As |P| = p, we know P = C,,.

If € G\ P, then o(x) # p, since an element of order p must generate the Sylow
p-subgroup P. If G contains an element of order 2p, then G = Cy,. So suppose that G is
non-abelian and therefore

o(x) =2 for all z € G\ P.

(Note the identity lies in P.)
Fix a generator a for P and an element b € G\ P. So o(a) = p and o(b) = 2. The
elements of P are 1, a, ..., aP~! and the elements of the coset Pb are b, ab, ..., aP~'b, so

G=1{l,a,...,a" 1 b,ab,...,a" b} = (a,b).
Now (a'b)? =1 for all 4, so a'ba’b = 1. Therefore

ba' = a bt = a7,
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We are now able to completely specify the multiplication in G:

o i+kpt ifj=0
i) (akp) =4 7
(@¥) (@) {alklﬂ” if j = 1.

Hence, up to isomorphism, there is at most one non-abelian group of order 2p. (In theory,
at this stage in our calculations, we do not know that the above multiplication actually
does define a group.) However, the dihedral group Dy, is a non-abelian group of order 2p
and therefore our G' must be isomorphic to Da,. O

If p is an odd prime, there are two groups of order 2p up to isomorphism.

This deals with groups of order 6, 10, 14, 22, .... Note Dg = S3.

Groups of order 8

By the Fundamental Theorem of Finite Abelian Groups, an abelian group of order 8 is
isomorphic to one of

Cg, CQ X 04 or 02 X 02 X CQ.

Let G be a non-abelian group of order 8. An element in G has order 1, 2, 4 or 8. If
G contains an element of order 8, then G = Cg and it would be abelian. If 22 = 1 for all
x € G, then G would be abelian (see Question 11 on Problem Sheet I). Hence G contains
at least one element a of order 4.

Let N = (a), a subgroup of order 4 in G, so N < G (as it has index 2. Choose
b€ G\ N. Then either o(b) = 2 or o(b) = 4. Since G/N = Cy, we know Nb? = N1 and
therefore b?> € N in either case. As a? is the unique element of order 2 in N, we conclude
either

¥ =1 or b’ = a?.

The elements of N are 1, a, a?, a® and the elements of the coset Nb are b, ab, a®b, a3b, so
G = {1,a,d? a>b,ab,a’b,a®b} = (a,b).
Now b~ lab € N and o(b~tab) = o(a) = 4, so
b~lab=a or a®.
If b~lab = a, then ab = ba and it would follow that G = (a,b) is abelian. Therefore

b lab=a®=a"!,

b lam b= (btab) = (a )T =4
and we deduce ' ' '
ba' = a”'b = a*.
Hence )
atkpt if =0
(a’b)(a*b") = { ait3ky  ifj=1,0=0
at3kp2 if =0 =1.
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So we would have completely determined the multiplication in G once we knew whether
b?> = 1 or a®. Therefore, there are, up to isomorphism, at most two non-abelian group of
order 8. We already know two such groups, namely Dg and Qg, so these two must be the
only two that exist.

This establishes:

Theorem 10.4 Any group of order 8 is isomorphic to one of

Cg, CQ X 04, CQ X CQ X Cg, Dg or Qg.

There are five groups of order 8 up to isomorphism.

Groups of order pg

We shall consider groups of order pq where p < ¢ are distinct primes. We shall actually
only consider a special case, namely

p does not divide g — 1.

Let G be a group of order pg where p and ¢ are distinct primes with p < ¢ and such
that p does not divide ¢ — 1. Let n, and n, denote the number of Sylow p- and Sylow
g-subgroups in G, respectively. Then, by Sylow’s Theorem,

np, =1 (mod p) and ny divides ¢
and
ng=1 (mod q) and ng divides p.

The first of these tells us that n, = 1, since n, = ¢ is impossible since ¢ # 1 (mod p) by
assumption. The second tells us that n, = 1, since p < ¢, so certainly p # 1 (mod q).

Let P be the unique Sylow p-subgroup and @ be the unique Sylow ¢-subgroup of G.
Then P < G and @ < G. As they have coprime order, Lagrange’s Theorem tells us
PnN@Q =1. Consider PQ. It is a subgroup of G, since both P and @) are normal, and it
contains both P and @. Therefore both p and ¢ divide |PQ|, so we conclude G = PQ.
This checks all conditions for a direct product in Theorem 5.6 and we have shown

G=PxQ=CyxCy=Cy

Theorem 10.5 Let G be a group of order pq where p and ¢ are distinct primes with
1 < p < q. Suppose that p does not divide ¢ — 1. Then G = Cp,. ]

Up to isomorphism, there is one group of order pq when 1 < p < q and p does
not divide g — 1.

This deals with groups of order 15, 33, 35, . ...
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Groups of order 12

An abelian group of order 12 is isomorphic to either
CQXCQXngCQXC(} or C4X032012.

We already know two non-abelian groups of order 12, namely the dihedral group Do of
order 12 and the alternating group A4 of degree 4. There is actually one more.

Example 10.6 Let T be the subgroup of S12 generated by the permutations
a=(123456)(789101112) and F=(17410)(21259)(3 116 8).
If we apply the generation algorithm (see Chapter 2) to T' we find that its elements are:

T={1,(123456)(78910 11 12),
(135)(246)(7911)(810 12),
(14)(25)(36)(710)(8 11)(9 12),
(153)(264)(7 11 9)(8 12 10),
(165432)(712111098),

(17410)(21259)(31168),

(11249)(21158)(31067) = af,

(11148)(21057)

(1104 7)(29512)

(194 12)( )

(184 11)( )

28511
27510

376 10),

)
)
39612),
)
)
31269) =

(
(
(386 11),
(
(

Ba}.

Here af # Pa, so T is non-abelian. From the cycle structure, we see that 1" has one
element of order 2. We know A4 has three elements of order 2 and D19 has seven elements
of order 2. Therefore

T A;é A4 and T ?ﬁ D12.

Theorem 10.7 If G is a group of order 12, then GG is isomorphic to one of
Cs x C, Cha, Ay, D12 or T.
Up to isomorphism, there are five groups of order 12.

PROOF: Let G be a non-abelian group of order 12. Let no and ng be the number of Sylow
2- and Sylow 3-subgroups respectively in G. Then, by Sylow’s Theorem,

ng=1 (mod2), no|3 and n3 =1 (mod 3), ns|4.

Therefore
ne =1 or 3, ng =1 or 4.

Suppose n3 = 4. We then count elements in the Sylow 3-subgroups (any pair of which
must intersect trivially by Lagrange’s Theorem) to see that G contains 4 x 2 = 8 elements
of order 3. This only leaves four elements of other orders, so we conclude there must be
a unique Sylow 2-subgroup (of order 4); that is, no = 1. Hence it is not possible that
ny = 3 and ng = 4 and we consider three cases.
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Case 1: no =ng=1.

There are unique Sylow 2- and 3-subgroups P and @ (respectively) in G which are
normal in G. Here P = Cy or Oy x Cy (from the classification of groups of order p?) and
Q = Cs. As in the classification of groups of order pq, by Lagrange’s Theorem, PNQ =1
and G = PQ. Hence, by Theorem 5.6

GgPXQgC4X03 or CQXCQXCg.

Hence in this case, G is isomorphic to one of C'9 or Cy x Cy.

Case 2: no =1 and ng =4.
Let N be the unique Sylow 2-subgroups, so N <G and N = Cy or N 2 Cy x Cy = V.

Subcase 2a: N = (4.
Let N = (a) and H = (b) be a Sylow 3-subgroup of G. Then b~'ab = a’ for some i.
Then
a=b3ab® = b 2ab? = b (b~ ab)’b = b ta’b = d",

so 4 | (i* — 1). The only possibility is i = 1 (as i = 2 and i = 3 do not satisfy this
condition). This means that ab = ba, so G = (a, b) is abelian, which contradicts ns = 4.

Subcase 2b: N = (9 x (5 2 V4.

If H = (d) is a Sylow 3-subgroup of G, then when we conjugate the elements of order 2
in N by d, we must permute them as a 3-cycle (since o(d) = 3). Hence we can assume
N ={1,a,b,c}, where

d lad = b, d~'bd = ¢, d ted = a.

Hence we determine that da = cd, db = ad and dc = bd. Hence any product (zd")(yd’)
where z,y € {1,a,b,c} is now uniquely specified. We conclude that there is at most one
group of order 12 with ne = 1 and n3 = 4. But we already know that the alternating
group Ay is a non-abelian group of order 12 and it has a unique Sylow 2-subgroup and
four Sylow 3-subgroups, therefore G = A4 in this cases.

Case 3: n9 =3 and n3 = 1.

Let N be the unique Sylow 3-subgroup of G, so N = (a) for some a of order 3 and
N < G. Let H be a Sylow 2-subgroup. Every element of G can be expressed as a‘x where
0<i<2andx € H. As in the classification of groups of order 8 and in Subcase 2, to
determine the multiplication in G it is enough to establish that conjugation of elements
in N by elements in H are essentially uniquely determined.

If H = Cy, the generator b for H cannot commute with a (as G is non-abelian), so
b~lab = a?> = a—'. From this we conclude b'a~'b = a and ba = a~'b. Hence all products
(a't?)(a*b?) are uniquely determined. This shows that there is at most one group of
order 12 with ny = 3, ng = 1 and cyclic Sylow 2-subgroup. However, T is one such group
and we deduce G = T'. (Indeed, it is this line of argument that enables us to go searching
for such a group of order 12 and hence determine that 7" exists.)

If H = Cyx Cs, them at least one element x in H which satisfies 2 'ax = a~'. Suppose
H={l,z,y,2}. f y~tay = a™!, then 2z = 2y actually commutes with a:

1

claz=y e lary =y oy =y lay) P = (a7 =a
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1 1

Similarly if ¥y commutes with a, then z7'az = a™'. Hence, without loss of generatity,
we can assume y lay = a~! and 27 'az = a. In this way, all products (a’h)(a’k) with
h,k € H are determined and we deduce that there is at most one such group. However,
D15 does satisfy the hypotheses, so we conclude G = Dqs in this case.

This completes the proof. O
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